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Abstract
The nuclear symmetry energy characterizes the variation of the binding energy as the neutron to proton ratio of a nuclear system
is varied. This is one of the most important features of nuclear physics in general, since it is just related to the two component
nature of the nuclear systems. As such it is one of the most relevant physical parameters that affect the physics of many phenomena
and nuclear processes. This review paper presents a survey of the role and relevance of the nuclear symmetry energy in different
fields of research and of the accuracy of its determination from the phenomenology and from the microscopic many-body theory.
In recent years, a great interest was devoted not only to the Nuclear Matter symmetry energy at saturation density but also to its
whole density dependence, which is an essential ingredient for our understanding of many phenomena. We analyze the nuclear
symmetry energy in different realms of nuclear physics and astrophysics. In particular we consider the nuclear symmetry energy in
relation to nuclear structure, astrophysics of Neutron Stars and supernovae, and heavy ion collision experiments, trying to elucidate
the connections of these different fields on the basis of the symmetry energy peculiarities. The interplay between experimental and
observational data and theoretical developments is stressed. The expected future developments and improvements are schematically
addressed, together with most demanded experimental and theoretical advances for the next few years.
c© 2011 Published by Elsevier Ltd.
Keywords:
1. Introduction
The nuclear matter (NM) Equation of State (EOS) is one of the central issue in Nuclear Physics. It incorporates the
fundamental properties of the nuclear medium, which is present not only in terrestrial nuclei but in many astrophysical
objects and phenomena. It plays an essential role in understanding and linking an extremely wide set of data on
different physical systems and processes, like nuclei in laboratory experiments, in particular exotic nuclei, heavy
ion collisions, the structure and evolution of compact astrophysical objects as Neutron Stars (NS), supernovae and
binary mergers, and so on. On the other hand the laboratory experiments and the astrophysical observations can put
meaningful constraints on the nuclear EOS. Unfortunately a direct connection between the phenomenology and the
EOS is not possible, and theoretical inputs are necessary for the interpretation of the data. In particular the EOS above
saturation density is much less constrained than around or below saturation.
In recent years a great attention has been payed to one of the main feature of the EOS, i.e. the symmetry energy as
a function of density [1]. A distinctive aspect of the nuclear systems is the possibility of varying the relative contents
of the two particles they are composed of, the neutrons and the protons. The symmetry energy measures the change
in binding of the system as the neutron to proton ratio is changed at a fixed value of the total number of particles. In
nuclear matter one considers the energy per particle E/A, which is a function of the total density ρ and the asymmetry
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β = (N − Z)/A, being N, Z, A the neutron number, the proton number and the total particle number A = N + Z,
respectively. One then expands the energy per particle as a function of β around β = 0 at a given density
E
A
(ρ, β) =
E
A
(ρ, 0) + SN(ρ) β2 + · · · (1)
The coefficient SN is indeed the nuclear ”symmetry energy”. For a free Fermi gas of protons and neutrons the total
energy and the symmetry energy read :
E = EN + EZ =
3
5
ZE(p)F +
3
5
NE(n)F
e =
E
A
=
3
10
~2
2m
(
3pi2
2
) 2
3
ρ
2
3
[
(1 + β)
5
3 + (1 − β) 53
]
(2)
≈ e(β = 0) + S Nβ2 + · · · · · ·
S N =
1
3
EF
where EF denotes the Fermi energy for symmetric matter and E
(n)
F , E
(p)
F are the neutron and proton Fermi energies. At
saturation density ρ0, one finds S N ≈ 12 MeV. This value indicates a steep increase of the energy with asymmetry.
We will see that the value in interacting nuclear matter is estimated to be more than twice larger. This steepness of the
energy surface in the asymmetry direction is one of the main characteristic of S N , and plays a fundamental role in a
wide range of nuclear properties and phenomena.
In general the symmetry energy is defined in nuclear matter, and its relation to a similar quantity in finite nuclei
requires a well defined theoretical framework. However, the expansion around symmetry of Eq. (1) can be still used
for finite nuclei to define a symmetry energy, being now S N a function of the particle number A. In general the main
effort was focused on the determination of the nuclear matter symmetry energy, that will be indicated from now on
by S , and its density dependence. Different strategies have been developed to extract from the experimental data the
values of S (ρ). The simplest one is to use the liquid drop model (LDM) of nuclear binding to extract the bulk part of
SN , which is identified with the value of S at saturation. Alternatively the overall SN is identified with the value of
S at some average sub-saturation density. A different strategy relies on the use of energy density functionals (EDF),
noticeably the ones generated by Skyrme forces, to fit the nuclear binding throughout the nuclear mass table. The
fit determines the parameters of the best EDF, which is then used to calculate S (ρ). In general, different EDF can fit
equally well the nuclear binding, and they usually agree on the value of S at saturation, though its density dependence
can be strongly dependent on the chosen EDF. However it is possible to extract correlations between different physical
parameters, like the values of S at saturation and its slope. In order to characterize its density dependence, S (ρ) is
usually expanded around the saturation density ρ0
S (ρ) = S (ρ0) +
(
dS
dρ
)
ρ0
(ρ − ρ0) + 12
(
d2S
dρ2
)
ρ0
(ρ − ρ0)2 + 16
(
d3S
dρ3
)
ρ0
(ρ − ρ0)3 + · · · · · (3)
and for convenience we define the following parameters
S 0 = S (ρ0)
L = 3ρ0
(
dS
dρ
)
ρ0
Ksym = 9ρ20
(
d2S
dρ2
)
ρ0
(4)
Qsym = 27ρ30
(
d3S
dρ3
)
ρ0
having all an energy dimension (MeV). A similar strategy has been followed in the analysis of other nuclear quantities
that are believed to be related to S (ρ), like the neutron skin, the different isovector nuclear excitations, and the data
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on heavy ion collisions like isospin diffusion and the isotopic distribution in multifragmentation processes. The large
amount of novel exotic nuclei produced in laboratory and the development of radioactive ion beams (RIB) have greatly
stimulated new research projects on the symmetry energy as well as an intense theoretical activity on this fundamental
subject. In this case it is particularly evident the connection with the physics of Neutron Stars, where very exotic
nuclei can be present in their crust, even well beyond the stability region of nuclei in laboratory conditions, since in
NS the presence of electrons hinders the beta decay of very asymmetric nuclei. Other observational data can be used
to constrain the value of S (ρ), in particular at density above saturation. In this case it is not easy to analyze the data on
physical quantities, which are possibly sensitive to the symmetry energy, and a certain amount of theoretical input is
necessary. In other words, it is difficult to eliminate the model dependence of the analysis. A constant characteristic of
the field is the interplay between phenomenology and theory, whose continuous reciprocal feedback is essential for its
progress. In the last few years an enormous literature about this subject has developed, and numerous workshops have
been organized throughout the world. It seems time to try a first summary of the established results and to indicate
the possible future directions in the field.
There are already in the literature few excellent papers devoted to different aspects of the nuclear symmetry energy
and its relevance in Nuclear Physics and Astrophysics [2, 3, 4]. The emphasis of this review will be on the comparison
between the theoretical predictions, based on microscopic many-body methods, and the phenomenological hints on
different features of the symmetry energy. It is expected that this detailed comparison will be helpful for the devel-
opment of our knowledge not only on the symmetry energy but in general on the microscopic structure of Nuclear
Matter and Nuclei.
The paper is organized as follows. In Section 2 we summarize the different methods, both phenomenological and
more microscopic, that link the nuclear structure data to symmetry energy. We distinguish between the semi-classical
approaches and the quantal approaches. Within the first category we discuss the Liquid Drop model, the Droplet
model and the Thomas-Fermi method. For the second category we describe in detail the Energy Density Functional
method, and the way it has been developed in order to constrain the symmetry energy from the data on different aspects
of nuclear structure. We mention here the Isobaric Analog State, the isovector excitations and the neutron skin width
in highly asymmetric nuclei. Sec. 3 is devoted to the astrophysical role of the symmetry energy. The astrophysical
objects, considered in some detail, are the Neutron Stars and the Supernovae. In particular in Neutron Stars we discuss
separately the crust and the core and the role of the symmetry energy in each of them. Sec. 4 introduces the realm of
the heavy ion collisions, where the presentation focus on the different signals that can be detected in the experiments,
potentially useful for the study of the symmetry energy. Here one has to distinguish between the low density sub-
saturation regime and the higher supra-saturation density. In Sec. 5 we discuss the microscopic many-body approaches
that have been used to calculate he Equation of State of nuclear matter and the corresponding symmetry energy. We
show that up to saturation density there is a substantial and satisfactory agreement between the microscopic theory
and the phenomenological constraints for the density dependent symmetry energy. At supra-saturation density the
different theoretical approaches start to diverge drastically, but unfortunately the phenomenological constraints are
here quite scarce. In Sec. 6 we collect a set of phenomenological constraints on the symmetry energy at saturation
and its slope, and we combine them in order to select the possible region of compatibility. Comparison with the
theoretical predictions is also performed. Finally in Sec. 7 we give a general survey on the subjects discussed in the
different Sections, on the possible future developments and the most urgent quests.
2. Symmetry energy in nuclear structure.
2.1. Semi-classical methods.
2.1.1. The Liquid Drop Model
The Liquid Drop Model (LDM) assumes that nuclei can be treated as macroscopic drops of an incompressible
liquid, i.e. of nuclear matter. The assumption is based on the short range nature of the nuclear interaction and the
saturation property of nuclear matter. This suggests that the nuclear binding energy of a nucleus of mass A and charge
Z can be written
B(A,Z) = aV A + aS A
2
3 + S N
(N − Z)2
A
+ aC
Z2
A
1
3
(5)
3
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which contains the bulk contribution aV , the surface correction aS ,the already introduced symmetry energy parameter
S N , and the Coulomb energy aC . The overall trend of the empirical binding energy of nuclei and how it can be
reproduced by this simple formula, by adjusting the set of parameters a, are discussed in basic books [5], where the
meaning and possible forms of the different terms are discussed in more detail. The values of the parameters depend
slightly on the particular experimental mass table used for the fit. In general the value of the bulk energy aV is in all
cases around −16 MeV, which is interpreted as the single particle binding energy in nuclear matter. The formula 5
provides an excellent fit to the smooth part of the binding energy of nuclei throughout the nuclear mass table with a
few parameters, and allows to extract the finite nuclei symmetry energy S N , at least averaged over the mass table. It
is worthwhile to mention a relatively recent fit [6] over 3100 nuclei with mass number A > 10, which was performed
neglecting pairing and deformation contributions, as in Eq. (5), and gives S N = 22.5 MeV. The average error for
the total binding is 3.6 MeV, to be confronted with values of the binding energy that can be as large as 2000 MeV.
This value of S N cannot be directly related to the value S of nuclear matter, because it is clearly affected by finite size
effects. If the value of S , as expected, is an increasing function of density, at least up to saturation, in a local density
picture the value of S N can be viewed as the value of S at some average density of the nucleus. The value of S N is then
expected to increase with the mass number A, since the surface contribution decreases and the average density tends
to the saturation value. At large value of the mass the value of S N is then expected to approach S , while at lower mass
the total symmetry energy should include a negative term proportional to the surface area of the nucleus, and then for
not too small mass a term for S N proportional to A−1/3, in agreement with the leptodermous expansion [7]. The value
of S N as a function of A should interpolate between these two trends. The simplest way to do so is to assume that SN
is the sum of a bulk contribution, independent of A and coinciding with S , and a (negative) surface term proportional
to A−1/3. However a more refined method was proposed in ref. [6], based on semi-classical considerations. In this
case the mass-dependent formula for SN can be written
S N =
S
1 + aS /A1/3
(6)
which should be applicable also for relatively light nuclei. In any case an additional parameter has to be introduced,
along with a more refined fitting of the nuclear bindings to be used to extract the value of S . Unfortunately it turns out
that the range of asymmetry values available from the nuclear data is not large enough to extract a value of S with a
satisfactorily small uncertainty. Indeed the results of most of the fits with the LDM model and its generalizations on the
nuclear binding give a value of S centered around 30 MeV, but with a spread of ± 3-4 MeV. The surface contribution
to the symmetry energy is more uncertain, which can indicate that the separation between bulk and surface symmetry
energy is difficult and not well defined, at least from the binding energy.
2.1.2. The Droplet Model
The form of the mass dependence of the symmetry energy as indicated in Eq. (6) is obtained by assuming implic-
itly that the proton and neutron surface are displaced between each other as the nuclear asymmetry increases [6]. In
the Droplet Model (DM) [8, 9, 10] this assumption is explicitly introduced and used to derive a more sophisticated
mass formula. In addition the effects of the non-uniformity of the neutron and proton density distributions are in-
cluded (within a perturbative expansion in the deviations from uniformity). Within this framework a formula of the
form of Eq. (6) can be derived [8]. The physical parameters that appear in the model can also be calculated [9] from
the Thomas-Fermi approximation based on a simplified effective nucleon-nucleon interaction, which then will contain
the only independent adjustable parameters. As a rule the fitting procedure of the droplet model has been performed
with the inclusion of an additional microscopic term, usually indicated with the generic name of ”shell effects”. In
fact both LDM and Thomas-Fermi approaches do not take into account the well established presence of shells and
the corresponding ”magic numbers”, for which an additional binding is expected to occur. This is evident from the
behaviour of the binding energy per particle along the mass table, where several enhancements of the binding against
a smooth trend are observed at well defined values of neutron and proton numbers. This microscopic additional term
is necessary also to describe deformations. In fact, for a purely semi-classical model like LDM nuclei can be only
spherical, because this is the shape that minimize the energy. The shell effect has been included already in ref. [9]
in a schematic way, assuming that the effect vanishes at some critical deformation. A more microscopic method was
introduced by Strutinski [11], and since then it was used systematically in the applications of the droplet model, which
sometime is indicated as ”macroscopic-microscopic” method. The Strutinsky method is based on the fact that it is
4
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difficult to reconcile the LDM with the shell model (SM), since the shell model severely underestimates the binding.
One then assumes that only the increase of binding ∆E over the smooth trend obtained in the SM is indeed correct,
while the smooth behaviour itself is better described by the LDM. One then subtracts from the shell model energies
Ei for each nucleus i the smooth part Ei of the overall trend, as obtained with some smoothing procedure, which is
then substituted by the LDM energy
Ei = Ei + ∆Ei → ELDM + ∆Ei (7)
Of course the choice of the smoothing procedure is critical in concrete applications.
The microscopic part is calculated, for each deformation, by constructing a single particle potential and calcu-
lating the corresponding single particle energies. This can be done at different degrees of sophistication. The most
advanced one is based on the effects of the finite range of the nucleon-nucleon interaction. A parametrized finite range
interaction of Yukawa shape is used to get by folding the bulk energy and the single particle potential, which then
acquires a diffuseness. The procedure defines the finite range droplet model (FRDM). The single particle potential
contains an isovector part and then one can define not only the symmetry energy but also the slope L of its density
dependence. In fact the model includes the compressibility of the neutron and proton components, which depend on
the asymmetry and its slope with density . The sensitivity of the results to the parameters S and L can then be used to
adjust them to their optimal values. Due to the limited range of asymmetry available from nuclear data it was found
difficult to extract the value of L without ambiguity. Only recently, by increasing the data set and its accuracy, it was
possible [12, 13] to get from the fitting the values of both S and L. The authors of ref. [12, 13] report the values
S = 32± 0.5 and L = 70± 15 MeV. The errors correspond to the intrinsic uncertainty within the model, which were
estimated by varying the data set and checking the sensitivity of the results to different parametrizations. The reason
of the difficulty to extract the value of L from the fitting procedure is probably due to the indirect dependence of the
calculated binding on this physical parameter. In fact L appears essentially only in the calculation of the single particle
potential for a given shape and asymmetry. The folding of the above mentioned Yukawa interaction is performed in
the (sharp) volume of the nucleus whose spherical equivalent radius Rpot, is given by
Rpot = Rden + Aden − Bden/Rden (8)
where Aden and Bden are two (fixed) parameters that take into account the diffuseness and the curvature of the density
distribution, estimated from Thomas-Fermi calculations in semi-infinite nuclear matter. The radius Rden is the average
radius of the nucleus, which differs from the standard LDM one because the model assumes the matter as compressible
Rden = r0A1/3(1 + ) (9)
were r0 is the standard radius parameter and  is the average deviation of the bulk density ρ from a reference saturation
value ρ0
 = −1
3
ρ − ρ0
ρ0
(10)
which gives the correct relation between the radius and the density. The value of  is determined from the minimization
of the macroscopic energy and, neglecting for simplicity the Coulomb interaction, is given by
 =
(
− 2a2
A1/3
+ Lδ
2
)
/K (11)
where a2 is the parameter for the surface energy, K the incompressibility at saturation, and δ is the average bulk
asymmetry. The latter is also obtained by minimization
δ = β / ( 1 +
9
4
S
Q
1
A1/3
) (12)
where β is the usual overall asymmetry of the nucleus, as already introduced, and Q is a parameter of the model that
expresses the stiffness of the surface with respect to asymmetry. The parameter L coincides with the one introduced
in Eq. (5).
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In the fitting optimization of ref. [12], the standard deviation from experimental data on nuclear masses was
reduced to 0.57 MeV. This is an astonishingly small value, which shows the exceptionally good performance of
the model. With respect to the extraction of the nuclear symmetry energy parameters, the smallness of the overall
deviation does not necessarily imply an accurate determination of these physical parameters. In fact the number of
parameters included in the model is large enough to introduce possible compensations among different parameters in
reaching this small deviation. It is then possible that the values of S and L so obtained are affected by the adjustment
of some fitting parameters, which have not a direct physical meaning and are not directly related to them. In other
words the set of fitting parameters could be redundant, and this would introduce spurious and unstable correlations
among different physical quantities. A correlation analysis would be desirable, which however could be too time
consuming for such a large set of parameters. However, the model extrapolates quite well [12] to masses that have not
been included in the fitting procedure, and this gives some confidence on the robustness of the results.
2.1.3. The Thomas-Fermi Model
Historically, the first method to relate the properties of finite quantal systems to the corresponding homogeneous
system was the semi-classical Thomas-Fermi scheme, which was devised to calculate the ground state properties
of large atoms and molecules in the mean field approximation. In fact, even in this approximation, the quantal
calculations can become quite complex. The original form of the scheme is equivalent to take the zero order term in
the expansion in ~ of the density matrix for the independent particle wave function, but it can be easily derived by
assuming that the system is locally equivalent to a free Fermi gas at the local density and local potential. We remind
here some features of the approximation that are useful for the development of the presentation. In its simplest version
it can be formulated within the Density Functional method, i.e. assuming that the energy of the system can be written
as a functional of the density ρ(r)
ET F = TF({ρ}) + Vc({ρ}) + Vpp({ρ}) (13)
where TF is the kinetic energy contribution, Vc some external potential and Vpp the particle-particle interaction. In case
of atoms, Vc is the energy due to the central Coulomb potential and Vpp is the electron-electron Coulomb interaction
energy
TF({ρ}) = 35
∫
d3rEF(ρ(r))ρ(r) ; Vc({ρ}) = −Z
∫
d3r′v(r)ρ(r′)
Vpp({ρ}) =
∫
d3r
∫
d3r′v(|r − r′|)ρ(r)ρ(r′)
with Z the charge of the nucleus, v = 4pie2/r the Coulomb potential between two electrons (of charge e) and EF the
Fermi energy for a free gas at the density ρ(r)
EF(ρ(r)) =
~2
2m
(
3pi2
)
ρ(r)2/3 (14)
The Euler-Lagrange equation corresponding to the minimization of this functional with the constraint of a fixed
number of particles is
EF(ρ(r)) − Zv(r) +
∫
d3r′v(|r − r′|)ρ(r′) = µ (15)
where µ is the Lagrange multiplier, which has the meaning of chemical potential. Notice that µ is a constant, inde-
pendent of the position. The solution of this integral equation gives the density and then the energy of the ground
state. A way of solving this equation is to apply the Laplacian differential operator and use the Poisson equation
∆VC = −4pie2ρ(r), where VC is the last term at the left hand side of equation (15), that is the potential produced by all
electrons at r. This gives the familiar differential equation of the Thomas-Fermi scheme in its simplest form [14]. We
will not discuss the many refinements of the approximation that have been developed, to include e.g. the exchange
interaction, but rather we consider the Thomas-Fermi approximation in the nuclear case. The physical situation is
quite different. There is no central interaction, and the binding must come from the NN interaction. The latter is not
long range, like the Coulomb potential, but it is short range, even zero range if we adopt a Skyrme effective interaction.
Last, but not least, the system has two components, the protons and the neutrons. For zero range interaction equation
6
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(15) has no solution, except in the trivial case of an homogeneous system. To get any sensible result for a nucleus one
has to go to the next order in the expansion in ~ of the kinetic energy term in the functional. This introduces gradient
terms [5]. To order ~ only one term contributes, proportional to (∇ρ)2. With the inclusion of this term, a surface
can develop and the nuclear Thomas-Fermi approximation can describe the density profile of a nucleus. Alternatively
one can introduce a phenomenological gradient term or a finite range effective interaction. The need of an effective
interaction is another complication of the nuclear case, since one must assume its form with a set of parameters to be
fitted to phenomenological data.
The discussion above makes also clear that in the nuclear case the kinetic term must be treated at different order
in the expansion in ~ and at a different level of approximation. The full quantal treatment of the kinetic term must be
considered to construct any accurate nuclear energy functional.
Despite that, the Thomas-Fermi approximation, or more advanced expansions in ~ can be useful. In fact the
Thomas Fermi approximation and its implementations are expected to describe the smooth part e.g. of the density of
states or the binding energy (with a suitable effective interaction), leaving outside of their possibility the description
of the shell effects, that are a pure quantal effect. Indeed the expansion in ~ of many quantities is actually asymptotic,
and the quantal effects depend non-analytically on ~. This property of the ~ expansions can be used to evaluate the
shell effects in the microscopic-macroscopic approach, introduced in section 2.1.2. Along these lines, in reference
[15] the Kirkwood ~ expansion to fourth order has been used to estimate the shell effects by comparing the results
with the quantal calculations. This method and similar ones based on ~ expansions are methods alternative to the
Strutinski procedure [11].
For a nucleus the TF integral equation (15) becomes a system of two coupled integral equations for the proton and
neutron density profiles. A characteristic of the TF approximations is that the density distributions go to zero at a finite
distance from the center of the nucleus. Despite that, the nucleus displays a well defined surface region. Because all
properties of the system are derived from the assumed effective interaction, or equivalently from the TF functional,
one can relate in a unique way the nucleus to nuclear matter. In particular, given an effective interaction, the symmetry
energy and its density dependence in nuclear matter is determined together with the corresponding symmetry energy
in nuclei along the nuclear mass table.
In ref. [16] extensive TF calculations were performed based on an updated version of the Seyler-Blanchard
two-body interaction [17], which is a schematic effective potential that contains both a momentum and a density
dependence
v(r, p) = v0Y(r)
−a1 + a2 ( pP0
)2
− a3
(
P0
p
)
+ σ
(
2ρ
ρ0
)2/3 (16)
where σ and the ai are parameters are fitted to nuclear data within the TF approach, while v0, P0 fix the energy
and momentum scales, respectively, just for convenience. The use of both the coordinate r and momentum p as
independent classical variables is related to the semi-classical character of the approach. The form factor Y(r) is
chosen as the standard Yukawa interaction
Y(r) =
1
4pia3
e−r/a
r/a
(17)
The interaction is purely central and no explicit spin-isospin dependence was considered, but the parameters are
distinct for ”like nucleons” (neutron-neutron and proton-proton) and ”unlike particle” (neutron-proton), which affects
the interaction contribution to the symmetry energy. The fitting was performed on the smooth part of the data set on
the masses of 1654 nuclei with N,Z ≥ 8. To get the smooth behaviour of the data, shell corrections to the experimental
masses were introduced according to the Strutinski method. This is in line with the main assumption of the model, i.e.
the TF approximation should be able to fit the smooth part of the masses data with a suitable effective interaction. The
resulting fit is able to reproduce this data set on binding energy with an average error (root mean square deviation)
of 0.655 MeV. The interaction was also constrained to reproduce the phenomenological optical potential and a set of
fission barriers. Although the data set on the masses is slightly more restricted than in more recent applications of e.g.
the droplet model [12], this is a remarkable result, in view of the schematic form of the effective interaction and the
limited number of free parameters (essentially 6).
Once the parameters of the effective interaction have been fixed, the EOS of nuclear matter can be determined in
a straightforward way. In this case the TF calculation can be performed analytically. The resulting EOS for arbitrary
7
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Figure 1. Equation of state in the Thomas-Fermi approximation, as reported in ref. [18]. The open square correspond to the microscopic many-body
calculation of ref. [19]
asymmetry can be written as a polynomial form in the Fermi momentum or in ρ1/3
E
A
(ρ, β) = b1(β) Ω2 + b2(β) Ω3 + b3(β) Ω5 (18)
with Ω = ρ1/3. In any case the functions bi(β) are completely determined by the parameters fixed by the fitting
procedure. In the following we report them to show explicitly the dependence on asymmetry β and for later discussion.
Putting q = (1 − β)1/3 and p = (1 + β)1/3, one has
b1(β) =
3
10
(1 + a3l)
(
p5 + q5
)
+
3
20
a3u
(
5p2q3 − q5
)
b2(β) = − 14a1l
(
p6 + q6
)
− a1uq3 p3 (19)
b3(β) =
3
10
(
a2l +
5
6
σl
) (
p8 + q8
)
+
3
10
(
a2u +
5
6
σu
)
p3q3
(
p2 + q2
)
where the subscripts l, u stand for like and unlike particles, respectively. The symmetric matter EOS, the pure neutron
matter EOS and the symmetry energy have then the same polynomial form of Eq. (18). They are all reported in
Fig. 1. In particular the symmetry energy at saturation turns out to be S = 32.65 MeV, and the corresponding slope
parameter L = 49.9 MeV. It is interesting to notice that the value of the symmetry energy would be equal to the
difference between the pure neutron EOS and the symmetric matter EOS at the saturation density if the dependence
on asymmetry is quadratic. This difference turns out to be 32.72 MeV, very close to the just reported value obtained
from the expansion around symmetry, see Eq. (1), despite the analytical form of the EOS is not quadratic in the
asymmetry β.
One has to stress that the symmetric matter EOS is characterized by a incompressibility K = 234 MeV, which is
within the phenomenological range, and a saturation point well compatible with the experimental estimate. This gives
further support to the method followed in this analysis, based on the Thomas-Fermi approach.
A detailed report on the EOS obtained in this application of the nuclear TF can be found in ref. [18].
For comparison in Fig. 1 we also report (open squares) the EOS and symmetry energy obtained within an ab
initio microscopic calculation [19]. Up to density of 0.2 fm−3 there is a close agreement. Above this density some
discrepancy starts to appear, which is not surprising since the fitting of nuclear data on binding can fix the EOS and
the symmetry energy only up to saturation or slightly above. The neutron matter EOS was shown in ref. [16] to agree
also with the variational calculation of ref. [20].
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2.1.4. Summarizing.
Semi-classical methods have been extensively applied along the years to the study and analysis of the bulk proper-
ties of nuclei throughout the mass table, in particular the nuclear binding, the radius and possibly the density profile.
The main purpose, common to the different semi-classical methods, is to get an overall picture of known nuclei as their
mass and charge are changing. Quantum corrections are considered as embodied mainly in the shell effects (including
the small pairing contribution). It is then assumed that once the fluctuations in the binding due to the presence of shells
are subtracted, following e.g. the Strutinsky method, what remains is a smooth behavior that can be reproduced by
a semi-classical approach. To characterize the properties of the nuclear medium one can try to connect the results of
the fitting, which are embodied in the determination of the parameters of the model, to the macroscopic properties of
nuclear matter. In this view the difference between the properties of nuclei and nuclear matter can be referred as ”finite
size effects”. It is of particular relevance the extraction from the model and the fitting of the nuclear matter symmetry
energy and possibly its density dependence. This is not so simple in the case of the pure Liquid Drop Model, since the
symmetry energy of a finite nucleus is strongly affected by the presence of the surface, and a single parameter for all
fitted nuclei can give only an average value. In other words the connection to the nuclear matter symmetry energy is
expected to be dependent on the mass number of the nucleus. This connection can be obtained again by semi-classical
methods which include a surface contribution. The fitting of the additional parameters turns out to be difficult because
of the limited range of the asymmetry available from the known nuclei [6]. To test this approach it is necessary to go
beyond the simple LDM.
The extraction of the nuclear matter symmetry energy is easier in the Droplet Model and in Thomas-Fermi model.
In the DM the NM symmetry energy is embodied in the parameters of the single particle potential used to calculate
the shell effects. In the TF approach the symmetry energy can be calculated once the parameters of the effective
nucleon-nucleon interaction have been fitted on the nuclear data. Actually the whole explicit density dependence of
the EOS can be obtained. Notice that both models are extremely accurate in reproducing the total binding energies of
nuclei, with a root mean square deviation close to 600 KeV.
In any case, if one considers the latest calculations available [12, 16, 18], the resulting value of the symmetry
energy at saturation is quite close in the two models, both centered around 32 MeV. This is not the case for the slope
parameter L, which is around 70 MeV for DM and around 50 MeV for the TF model. The disagreement on L points
out again the difficulty of extracting the slope of the symmetry energy. The agreement on S does not necessarily
indicate that this is the correct value. Only the comparison with reliable microscopic NM calculations can validate
this value.
2.2. Density functional methods.
A step further towards a microscopic approach within the same method of fitting nuclear data is the construction
of a general Energy Density functional that is assumed to include all the correlations in an effective way and without
any ~ expansion. In general these functionals are devised to be used at the mean field level. They are necessarily partly
phenomenological, i.e. they contain a certain number of parameters. One of the main goals is to relate and fix the
parameters by fitting not only the binding energies but also other experimental quantities. In fact, once the functional
has been chosen, it can be applied to a wide range of nuclear phenomena, On the other hand, if these functionals are
treated at purely phenomenological level in fitting the binding energies, they turn out to be quite accurate. In this
case both the smooth part as well as shell effects are included in the calculations, which therefore can be considered
microscopic to a certain extent.
The energy density functional (EDF) can be constructed directly or derived from a effective forces, which can
contain a two-body as well as a three-body interaction. In general, apart from a few exceptions, these forces are
density dependent. The justification of the density dependence stems on the Hohenberg and Kohn theorem [21],
which states that the ground state energy of a system is a unique functional only of the density profile. This gives in
general a foundation to the use of a functional for determining the energy of the ground state. One can assume in fact
that a chosen functional is a good approximation of the exact, but unknown, functional. The most used effective forces
are the zero range Skyrme forces and the Gogny forces. The latter include a finite range part [22], but recently a fully
finite range Gogny force has been proposed [23]. Notice that the Hoenberg and Kohn exact functional is expected to
be non-local, so that the zero range assumption is an approximation. However many Skyrme forces introduce gradient
terms, which can be viewed as the result of an expansion in the non-locality. For a review of the method see ref. [24].
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A related approach is based on the relativistic formulation, where a relativistic mean field (RMF) is introduced [24],
which is generated by the coupling with a set of mesons. Both the nucleon and meson fields are treated at the mean
field level. The couplings can be density dependent and self-interactions in the meson fields can be also introduced.
The Skyrme functionals, as well as the RMF functional, as a rule include the pairing interaction, which is an
essential ingredient to get a good accuracy. Hundreds of Skyrme forces have been devised along the years and in
general the parameters that they contain were fixed by fitting a large set of nuclear binding throughout the mass table,
with the possible addition of nuclear charge radii, fission barriers, a selected set of single particle levels and in some
cases also by reproducing some physical quantities calculated by microscopic many-body theory, that are considered
well established.
From the point of view of reproducing the nuclear binding, the Skyrme functional with the smallest root mean
square deviation appears to be the one by the Bruxelles group [25], which includes pairing, with a deviation of 0.581
MeV. This deviation is competitive with the droplet model [12] (and the TF model [18], but with a smaller set of
nuclei). Also in this case this remarkable precision does not necessarily imply that the corresponding symmetry
energy is accurate. The latter can be deduced from the functional once the force parameters have been fixed, as
explained below. The simplest form of a generic Skyrme force can be written
f (r1, r2) = t0 (1 = x0Pσ) δ(r)
+ 12 t1 (1 + x1Pσ)
[
δ(r)k′2 + k2δ(r)
]
+ t2 (1 + x2Pσ)k′δ(r)k
+ t3ρ(r)α (1 + x3Pσ) δ(r)
+ iW0σ · [k′ × δ(r)k]
(20)
where
r = r1 − r2
k = 12i (∇1 − ∇2)
σ = σ1 + σ2
Pσ = 12 (1 + σ1 · σ2)
(21)
and a prime indicates that the differential operator acts on the left.
Additional density dependent terms, with integer or fractional exponent, have been introduced by several authors
[26], in order to improve the performance of the force or to avoid possible collapse of nuclear matter at density above
saturation [25]. Also tensor force contribution has been considered [27, 28, 29]. Despite the main part of this form is
common to most Skyrme forces, the values of the parameters can be different because of the different set of physical
quantities that have been fitted and different fitting procedure. The energy mean value corresponding to this force for
a generic Slater determinant many-body wave function has then to be minimized with respect to the single particle
wave functions, at a fixed value of N and Z (i.e. a definite nucleus). For a density independent force this results in
the well known Hartree-Fock (HF) self-consistent equations [5] for the single particle wave functions. For density
dependent forces, as the Skyrme one of Eq. (20), one still gets equations of the HF type, but the effective force to
be used is different from the original (20) because the variation of the energy involves also the density appearing in
the two-body force. Indeed, if we indicate with i, j, k, l..... the single particle states of a given basis set, the Skyrme
functional is just the mean value of the Skyrme hamiltonian in a generic Slater determinant
E = T +
1
2
∑
ikl j
ρik f Ail;k j(ρ) ρl j = T + V(ρ), (22)
where T is the kinetic energy, ρik is the density matrix and the effective force f can be written in general as a functional
of the density matrix. The matrix elements of the effective force are anti-symmetrized
f Ail;k j =< il | f | k j > − < il | f | jk > . (23)
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The density matrix can be written as the expectation value
ρik =< ψi
†ψk > (24)
where ψ†, ψ are the single particle creation and annihilation operators and the mean value is on the Slater determinant.
In minimizing the functional with respect to the single particle states, one has to take the functional derivative of the
potential part with respect to the density matrix
< k | V | k′ > = ( δV
δρkk′
)
=
1
2
∑
l j
[
f Akl;k′ j ρl j + ρl j f
A
lk; jk′ +
∑
ip
ρip
(δ f Ail;p j
δρkk′
)
ρl j
]
(25)
The functional derivative defines the single particle potentialV, which coincides with the Hartree-Fock single particle
potential once the HF equations have been solved for the HF single particle orbitals (and the corresponding density
matrix). For a density independent force one gets only the usual first two (equal) terms inside the square brackets.
We will not discuss the different technical details and problems [30, 31, 32, 33] that are present in the applications,
in particular for deformed nuclei [34], but we will focus on the comparison among the different Skyrme forces in
connection with the symmetry energy and its density dependence.
On the basis of the expression of Eq. (20) for the Skyrme force, it is straightforward to calculate the EOS for
asymmetric nuclear matter
E
A
(ρ, β) =
3~2
10m
(
3pi2
2
)2/3
G5(β) +
t0
8
ρ [2(x0 + 2) − (2x0 + 1) G6]
+
1
48
t3 ρα+1
[
2(x3 + 2) − (2x3 + 1) G6(β)]
+
3
40
(
3pi2
2
)
ρ5/3
[
c1 G5(β) + c2 G8(β)
]
, (26)
c1 = t1(x1 + 2) + t2(x2 + 2)
c2 =
1
2
[t2(2x2 + 1) − t1(2x1 + 1)]
Gn(β) =
1
2
[
qn + pn
]
where p and q have the same meaning as in Eq. (20). The expansion of the EOS at β = 0 gives the symmetry energy
as a function of density
S (ρ) =
~2
6m
(
3pi2
2
)2/3
ρ2/3 +
t0
8
(2x0 + 1) ρ − 148 t3 (2x3 + 1) ρ
α+1
+
1
24
(
3pi2
2
)2/3
[c1 + 4 c2 ] ρ5/3 (27)
The expression for the slope L of S (ρ) contains of course the same terms, with only a different set of coefficients.
Analogous expressions can be derived for other physical quantities of NM, like the incompressibility and its derivative.
The same parameters appear in all these expressions. It is then unavoidable that a certain degree of correlation
exists among the different physical quantities. This is a consequence of the simplified form of the force and of the
NM properties derived from the force. These correlations ca be considered in general as spurious, since in a fully
microscopic approaches they cannot be defined or they are much more complex. However particular correlations can
have a physical meaning, since particular physical quantities are surely determined by the properties of homogeneous
and non-homogeneous NM.
A compilation of a set of 240 Skyrme forces was presented in ref. [35]. From this set we selected 142 Skyrme
forces that satisfy the following requirements : i) They give an acceptable saturation point, which means a saturation
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density ρ0 in the interval 0.15 < ρ0 < 0.17 fm−3 and the corresponding energy per particle e0 in the interval −17 <
e0 < −15 MeV ; ii) The calculated incompressibility K0 at saturation has a value in the interval 200 < K0 < 260
MeV, a restriction that is suggested by the phenomenological analysis on the Giant Monopole Resonance, as originally
discussed in ref. [36]; iii) They are compatible with the constraints from the heavy ion phenomenology on the flux
and kaon production, as it will be discussed in Sec. 4. In Fig. 2 we report in a two-dimensional plot the value of S
and L for each Skyrme force (orange diamonds) and 87 relativistic mean field [37] (blue full dots) satisfying these
criteria. Despite the strong restrictions we have imposed, the values of these two quantities spread all over the plot,
24 26 28 30 32 34 36
S (MeV)
-20
0
20
40
60
80
100
120
L 
(M
eV
)
Skyrme interaction - PRC 85, 035201 (2012)
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Figure 2. (Color on line) Values of the symmetry energy S and the slope parameter L for a set of 142 Skyrme forces from ref.[35], (orange
diamonds), and 87 relativistic mean fields from ref. [37],, (blue full dots). They have been selected according to the criteria described in the text.
with values ranging from 30 to 100 MeV for L and from 24 to 36 MeV for S . The only gross trend that is barely
visible is an increase of L as S increases. The conclusion that can be obtained from this plot is that there is no evidence
of even weak correlation between the values of S and L when only data on binding energy are used in the parameters
fitting. They are physical parameters mainly independent from each other and from other physical quantities like
the incompressibility and the specific EOS which characterize the Skyrme forces or RMF models. The spread of the
values of S and L means also that the density dependence of the symmetry energy is different in different Skyrme
forces. This is exemplified in Fig.1 of ref. [2], where S as a function of the density ρ is reported for a selected set
of Skyrme force. A considerable spread in the symmetry energy is apparent, but even Skyrme forces that have a
comparable value of S at saturation can have a quite different slope at saturation.
The lesson, that one can get by inspection on this overview of results, is that it could be possible to extract a
correlation, or even the separate values of S and L, only if other constraints are introduced, which are more sensitive
to the symmetry energy. To this respect the correlations between different physical quantities, that can be established
following the same procedure, can be of great help.
An alternative method to construct an EDF is based on the Kohn-Sham scheme [38]. In this case the functional
is constructed directly from the EOS of the homogeneous system (nuclear matter), which is taken from a reliable
microscopic many-body calculation. In addition surface terms are introduced, in order to include the surface energy
[39, 40, 41]. The surface terms contain the main fitting parameters. The symmetry energy is therefore fixed from the
adopted EOS. The EDF so devised cannot compete with the most performing Skyrme functionals, since they use a
12
M. Baldo and G.F. Burgio / Progress in Particle and Nuclear Physics 00 (2016) 1–71 13
much more limited set of parameters.
2.2.1. Isovector excitations.
The natural choice for finding physical quantities that could be sensitive to the symmetry energy is to look at the
isovector elementary nuclear excitations, because in this case it is expected that at least part of the neutrons and of
the protons moves out of phase. These excitations should produce local or overall oscillations of the asymmetry in
the nucleus. Excitations of different multipolarities have been analyzed with the aim of finding correlations between
observable quantities and the symmetry energy. An analysis of all these collective vibrations has been presented in
ref. [42].
The prototype of the isovector excitation is the Isovector Giant Dipole Resonance (IVGDR), historically the first
one that has been discovered. The excitation can be viewed macroscopically as a collective oscillation of the protons
against the neutrons, which necessarily involves a variation of the asymmetry in the bulk or surface part of the nucleus.
The main uncertainty is on the relevance of the surface, where the local symmetry energy is surely decreasing with
density. This indicates that the effective symmetry energy involved in the excitation must be smaller than the one in
NM at saturation.
The connection between symmetry energy and the dipole excitation energy can be elucidated with the help of
macroscopic models. In general one can use sum rules, derived within specific macroscopic models, to estimate
the excitation energy for each multipolarity. We will focus on the energy weighted sum rule m1 and inverse energy
weighted sum rule m−1, from which the excitation energy Ecoll of the collective vibration can be estimated as
Ecoll =
√
m1/m−1 (28)
The generic sum rule mk is defined according to
mk =
∑
n
Ekn | < n |Q | 0 > |2 (29)
where En is the excitation energy of the state n, 0 indicates the ground state and Q is the operator associated to the
excitation (of a given multipolarity). The m1 sum rule can be calculated in an almost model independent way. One
gets
m1 =
2pi2e2~
mc
NZ
A
(1 + κ) (30)
where κ is a measure of the non-locality of the effective force (for a local zero range force κ = 0). The other sum
rules present different degrees of model dependence. For the IVGDR excitation the general form of Eq. (28), that is
obtained from different models, can be written
E−1 =
√
6~2
m < r2 >
S (ρ0)
1 + CS
(1 + κ ) (31)
where < r2 > is the mean value of r2 in the ground state, which is an estimate of the square of the nuclear radius.
The quantity CS takes into account the surface correction to the symmetry energy S (ρ0) of NM. This parameter is
model dependent, and has different expressions according to the method used to estimate the surface contribution.
One can mention the leptodermous expansion [5], the hydrodynamical model [43], semi-infinite matter calculations
[44] and the semi-classical method of ref. [6], see Eq. (6). This expresses the uncertainty, mentioned above, on the
surface contribution to the symmetry energy for finite nuclei. To circumvent this uncertainty one can introduce [42]
an effective symmetry energy as the one in NM calculated at an average density ρ
S (ρ0)
1 + CS
≈ S (ρ) (32)
This is in line with ref. [45], where it was found a strong correlation between the symmetry energy for a given nuclear
mass number and the symmetry energy of NM calculated at a suitable density ρ. This was shown by considering a set
of Skyrme forces with different behaviour of the symmetry energy as a function of density. The value of ρ is smoothly
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dependent on the mass region, but in any case it turns out to be close to 0.1fm−3. This is also the density where the
correlation ( ”Pearson correlation” ) between the nuclear symmetry parameter and the NM symmetry energy S (ρ) has
its maximum [46], close to 1 (tight correlation), with only a slight increase with the mass number. As an illustration
of the general procedure that is usually followed to extract the symmetry energy from the isovector nuclear collective
vibration, we follow ref. [47]. In Fig. 3, taken form ref. [47], for a set of Skyrme forces the approximation of Eq. (32)
is used, with ρ = 0.1 fm−3, to show the existing correlation between the symmetry energy, in the combination of Eq.
(31), and the IVGDR excitation energy. The latter has been calculated within the Hartree-Fock + RPA scheme for each
Skyrme force to get the estimate of Eq. (31). The non-locality parameter κ was obtained by imposing the fulfillment
of the sum rule m1 (with a large enough energy cut-off). All calculations are for 208Pb. Notice that the Skyrme forces
were selected among the ones that produce a reasonable incompressibility value (210 < K < 270 MeV) and reproduce
the IVGDR energy within 2 MeV. The straight line is a linear best fit, which turns out to have a correlation coefficient
close to 0.9 . The observed correlation is surely related to the mentioned selection of the Skyrme forces, because it
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Figure 3. Correlation between symmetry energy at 0.1 fm−3, in the indicated combination, and the dipole excitation energy. Figure taken from ref.
[47].
includes a constraint that should be sensitive to the symmetry energy. In principle, the linear correlation of Fig. 3,
or similar, can be used to extract the symmetry energy, at least at ρ = 0.1 fm−3. To this purpose one considers the
experimental IVGDR excitation energy to select the value of S (0.1) consistent with the data. The authors find, with
an estimate of errors
23.3 MeV < S (0.1) < 24.9 MeV (33)
A related quantity is the so-called (static) polarizability αD of a nucleus. It is the linear response to an external
static dipole field. If λD is the external field, where D is the dipole operator, one has
αD =
∂ < D >
∂λ
(34)
where < D > is the dipole mean value in the perturbed nuclear state. This is just the static (zero frequency) response
function [5] R(0)
αD = R(0) = 2
∑
n
| < n | D | 0 > |2
En − E0 = 2 m−1 (35)
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where En is the energy of the nth excited state, with 0 the ground state. The relevance of this quantity is that it can be
measured from the photoabsorption cross section σ(ω), where the dipole contribution is dominant
αD =
~c
2pi2e2
∫
σ(ω)
ω2
dω (36)
Notice the enhancement at low energy due to the 1/ω2 factor. The polarizability can be obtained also from Coulomb
excitation and polarized proton inelastic scattering at forward angles [48]. If αD is fixed, one can expect that this
implies some correlations between suitable physical parameters connected with symmetry energy. The experimental
value of αD, although affected by uncertainty, can provide relevant information on the nuclear symmetry energy. In
Fig. 4, adapted from ref. [49], are reported the values of S and L for a set of Skyrme energy functionals which are
able to reproduce the data on αD for the nuclei 68Ni, 120Sn, 208Pb . Because of this constraint the set of functionals
is of reduced size, but a correlation between the two parameters is evident, at variance with the results shown in Fig.
2. One should notice, however, that experimentally the regions well above and well below the IVGDR are not easily
accessible, so that the data are affected by a systematic uncertainty, see ref. [49] for a discussion on this point. It
is not straightforward to explain the correlation induced by the αD data. A first insight can be obtained by looking
at the droplet model. In ref. [50] the expression for the polarizability was derived following the same minimization
procedure in the standard droplet model, see Sec. 2.1.2, but in presence of a static dipole external field
αD =
Ar2
24S
(
1 +
15
4A1/3
S
Q
)
(37)
where r is the radius of the nucleus. Taken literally together with the correlation shown in Fig.4, this relation would
imply a connection between S/Q and the slope parameter L appearing in Fig. 4. It turns out that this is the case, as
we will discuss in Section 2.2.3.
As already mentioned, the low energy part of the dipole excitation strength is particularly relevant for the dipole
polarizability experiments. The contribution of the low energy region is further enhanced in the case of neutron rich
exotic nuclei by the observed presence of an appreciable concentration of dipole strength at few MeV of excitation.
This strength has been classified as ” Pygmy ” resonance, since its size is much smaller than the IVGDR one, in
general few percents of the total sum rule for isovector dipole electric transitions. An overview of the experimental
data and methods, up to the year 2012, can be found in ref. [51]. In heavy asymmetric nuclei a neutron skin appears,
i.e. a neutron radius substantially larger than the proton one. This is expected also in non-exotic nuclei like 208Pb,
but it is particularly pronounced in exotic nuclei, especially unstable ones. It has been then argued [52] that the
Pygmy strength could be produced by a collective motion of the neutron skin against the symmetric neutron-proton
core, and therefore decoupled by the dipole giant resonance. This picture has some support from the strong isoscalar
component of the mode. However this macroscopic picture of a collective low frequency mode could be misleading
since at the quantal level this dipole strength could be due to a certain number of non-collective excitations, mainly
single particle-hole excitations. This is a controversial issue and accordingly the connection of the Pygmy strength
with the symmetry energy is also controversial. In refs. [53, 54] it was argued that the Pygmy strength can be related
to the symmetry energy and the size of the neutron skin. This conclusion was questioned in ref. [55] on the basis of
an analysis of the experimental and theoretical uncertainty, and in refs. [56, 57] on the basis of a covariance analysis
of the correlations. From this discussion one can conclude that the issue of the relation between Pygmy strength and
symmetry energy (or neutron skin width) is at least controversial. Additional theoretical analysis and experimental
data are needed to get any firm conclusion.
The isovector giant quadrupole resonance (IVGQR) has been also analyzed in connection with the nuclear sym-
metry energy. Macroscopically the IVGQR should correspond to a quadrupole oscillation of the neutron and of the
proton components out of phase between each other. This creates regions of the nucleus, in particular close to the
surface, where the nucleonic matter asymmetry oscillates around the equilibrium value. The restoring force of the
vibration is therefore not only the surface tension, like in the isoscalar giant quadrupole resonance (ISGQR), but also
the symmetry energy. For this reason the excitation energy of the IVGQR should be above the ISGQR one. The dif-
ference in excitation energy is therefore connected with the nuclear symmetry energy. The experimental observation
of the IVGQR is more difficult than the well known ISGQR, and only in the last few years detailed data have been
presented in the literature [58]. For the same reasons, theoretical studies of the connection between symmetry energy
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Figure 4. Correlation between symmetry energy and its slope at saturation for a selected set of Skyrme functionals (open circles) that reproduce
the data on the dipole polarization. Adapted from ref. [49].
and IVGQR are scarce. In ref. [59] the harmonic oscillator model [60], supplemented with the droplet model, was
used to relate the IVGQR and ISGQR energy difference directly to the symmetry energy
S (ρ) ≈ S 0
A2/3
8E2F
[
E2V − 2E2S
]
+ 1
 (38)
where EV and ES are the excitation energies of the IVGQR and ISVQR, respectively, and S 0 = EF/3 is the symmetry
energy of a free Fermi gas at saturation density and EF the corresponding Fermi energy. In Eq. (38) ρ is an average
nucleus density, close, as usual, to 0.1 fm−3. Using the experimental values of the excitation energies, properly
averaged over different experiments [59], one gets
S (ρ) = 23.3 ± 0.6 MeV (39)
which is compatible with the estimate (33) from the IVGDR. Given a functional, one can calculate both EV and ES
and from the relation (38) estimate S (ρ). Comparing this value to the direct calculation from the functional gives a
test of the simplified relation (38). The results [59] obtained by considering families of functionals indicate a fair
agreement, but in a few cases it appears that some characteristics of the force, other than the symmetry energy, are
relevant.
2.2.2. The Isobaric Analog State.
Special consideration has to be devoted to the issue of the Isobaric Analog States (IAS) in connection with the
nuclear symmetry energy, mainly developed by P. Danielewicz and J. Lee [46]. In a nucleus with a given neutron
number N and proton number Z the ground state is characterized by a value of the total isotopic number projection
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Figure 5. (Color on line) Linear fits of the IAS energies as a function of the indicated isospin variable, for each of the A regions, as labeled. Taken
from [46].
TZ = (N − Z)/2 and total isospin number T = |TZ |. Let us imagine to keep the same wave function except for
the change of a neutron into a proton, or equivalently to act with the operator T−, which lowers the value of TZ by
one unit. The new total wave function will correspond in general to the excited state of a neighboring isobar, with
T = TZ − 1
T−| {n}, T, TZ = T > =
√
2T | {n}, T, TZ = T − 1 > (40)
where n indicates all the other quantum numbers. The only correction is due to the change in Coulomb energy, because
the Coulomb potential is the only term of the nuclear Hamiltonian that does not commute with the isospin operator.
This isobar analog state is expected to be the lowest state for this value of the total isospin T for the ” daughter
nucleus ”, and therefore it corresponds to a sharp resonance, since isospin is a good quantum number for the nuclear
interaction. The charge invariance does not imply only that the energy depends on the T 2Z , but more generally that it
is invariant on rotation in isospin space, and therefore it should depend only on the modulus square of the isospin
ET = 4 S N(A)T2 (41)
where ET is the nuclear energy term that depends on isospin and S N(A) is the symmetry energy for the nucleus of
atomic number A. This means that for a given TZ a multiplet of states should be present with an energy separation
dictated by Eq. (41). The excitation energy of each member of the multiplet with respect to the ground state is then
Ex(T ) = 4S N [ T (T + 1) − |TZ | ( |TZ | + 1 ) ] = 4S N
[
T2⊥ − |TZ |
]
(42)
Of course this conclusion holds if the other contributions to the energy are the same in the ground and excited states.
This sounds plausible if the member of the multiplet are the lowest ones for each value of T . In this case one can
assume that the energy can be derived from the LDM or DM, with possible microscopic corrections, like shell effects
and deformations. After the ( differences of ) microscopic contributions has been subtracted, the IAS energies should
be then proportional to T2⊥ − |TZ |. A fitting procedure can be used to verify to what extent such a behavior is valid and
to extract the symmetry energy on the nucleus-by-nucleus basis. In practice the number of IAS for a given isobaric
chain at the atomic number A turns out to be too small, and the IAS were grouped in different mass region, which is
justified by the expected smooth dependence of the nuclear symmetry energy S N on the atomic number A. In Fig.
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Figure 6. (Color on line) Fit of the nuclear symmetry energy S N (A) as a function of A with the form of Eq. 6. Taken from [46].
5, taken from ref. [46], the corrected IAS energies are reported as function of 4 (T2⊥ − |TZ |)/A, grouped in different
atomic mass regions. The microscopic corrections in this calculations were taken from the ones tabulated in ref. [61].
The linear fits can be used to extract the average nuclear symmetry energy within the indicated A interval, by reading
off the slope of the linear fit or equivalently taking the intersection with the vertical line at ”1 ” (dashed line).
The plots of Fig. 5 show that Eq. (42) is fulfilled to a good accuracy. Once the nuclear symmetry energies have
been extracted, one can look if the dependence on the atomic number follows some smooth behaviour. In particular
one can verify to what extent equation (6) is fulfilled. It turns out that for large enough atomic number (A > 30)
the trend of the equation is followed with a fair accuracy. This is shown in Fig. 6, taken again from ref. [46]
(the parameter aa of the figure corresponds to the nuclear symmetry energy S N(A) at a given atomic mass A). If we
interpret the parameter aV as the nuclear matter symmetry energy S , the extracted value, reported in the figure, looks
substantially higher than the values estimated from other methods. However the uncertainty associated with each
point, as indicated by the error bars in the figure, and the fluctuations with respect to the average smooth trend are
large enough to accomodate a substantial spread of the fitted value. The indicated error bars have been estimated by a
statistical analysis of the IAS fit for each individual nucleus [46].
This extensive analysis of the IAS data aims to find not only the NM symmetry energy S at saturation, but also its
whole density dependence, at least at sub-saturation density. This is not an easy task, since nuclear data correspond to
overall properties of nuclei. One procedure, which is often used also in other context, is the use of a representative set
of functionals that is compatible with the given constraints. In the present case of the data on IAS, one should select
the functionals that reproduce the nuclear symmetry energy S N(A) extracted from the IAS, as described above. One
can then check to what extent the selected functionals constrain the density dependent symmetry energy S (ρ) of NM.
In order to be viable, the method requires the possibility of extracting from the calculations, which are mainly within
the Hartree-Fock (HF) scheme, the symmetry energy for each individual nucleus. The obvious method would be to
extract S N(A) from the ground state energy differences with respect to the neighbouring nuclei, i.e. by considering the
energy change with respect to the close isobars (in the ground state). It was found in ref. [46] that this procedure is
strongly biased by the shell effects and it is then not possible to extract any trend as a function of A. Another possibility
is to treat the variables (A,Z), which identify each nucleus, as continuous, i.e. to adopt a macroscopic picture of the
nucleus, where only the smooth part of the energy is present. It is then possible to define the symmetry energy as the
usual derivative with respect to asymmetry. Under the assumption that the symmetry energy part of the binding can
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Figure 7. (Color on line) Region (filled area) that indicates the boundary for the values of the symmetry energy, once the Skyrme functional are
constrained to reproduce the results on the IAS analysis. Adapted from [46].
be expressed as a local functional of the density profile, one can relate [46] the nuclear symmetry energy S N(A) to the
NM symmetry energy S (ρ) and to the difference between the neutron profile ρn(r) and proton profiles ρp(r). The latter
can be calculate directly from the functional once the HF calculation for the ground state is performed. We report here
the final result for convenience
A
S N(A)
≈ N − Z∫ rc
0 d
3r
[
ρn(r) − ρp(r)
] ∫ rc
0
d3r
ρ(r)
S (ρ(r))
(43)
The interested reader can resume to the original paper for the detailed derivation and discussion. In Eq.43) rc is some
cutoff that defines the ”interior” part of the density distribution. Therefore the factor in front gives a measure of the
contribution of the surface region. Eq. (43) expresses the inverse of the nuclear symmetry energy as a suitable average
over the inverse of the local symmetry energy S (ρ), which is reminiscent of the law for the addition of the capacitance
for capacitors. The formula is actually valid only if the Coulomb interaction is switched off. In practice one has to
correct this formula for the interference to the symmetry energy produced by the Coulomb energy. We notice that
this result has been derived assuming a local functional form for the symmetry energy term in the binding energy
expression. This can sound plausible if only local Skyrme functionals are considered, but it is not necessarily true.
For each density functional one can then derive the nuclear symmetry energy S N for each nucleus with given (A,Z)
and selecting the ones that are compatible with the results obtained from the analysis of the isobaric analog states, as
described above. This strongly restricts the region where the symmetry energy S (ρ) can pass in the (S , ρ) plane. The
result for the allowed region, adapted from ref. [46], is illustrated in Fig. 7. The filled region is where the symmetry
energy of all the selected Skyrme functionals is passing through. Actually, to avoid a too small sample of functionals,
some limited deviations from the IAS constraints were allowed in selecting the functionals. More details can be found
in the original paper. The limited region of Fig. 7 gives also a constraint on the slope parameter L, whose possible
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values appear more restricted with respect to the wide spread region spanned by the generic and unrestricted set of
Skyrme functionals reported in Fig. 2.
2.2.3. The neutron skin and the PREX experiment.
In a nucleus with a neutron excess it can be expected that the neutron component spills out from the average radius
since the corresponding pressure is larger than for the proton component. The spill out is contrasted by the symmetry
energy, because a larger asymmetry produces an increase of the energy. The competition between these two effects
determines the width of the surface region where the neutron component is dominant well above the N/Z ratio. This
region is usually called ”skin” region. A paradigmatic example is 208Pb, which is not exotic but possesses a well
defined neutron skin. From these simple considerations it is clear that the width of the neutron skin is sensitive to the
symmetry energy, at least at sub-saturation density. In particular it can be expected that the skin is sensitive not only
to the strength of the symmetry energy but also to its slope, because this determines how fast the symmetry energy
decreases with density. A larger slope, that is the value of L, makes the symmetry energy weaker at low density, thus
increasing the skin width. To see this effect, one can define the skin size as the difference between the neutron and
proton rms radius
∆ rnp =< rn 2 >1/2 − < rp 2 >1/2 (44)
and perform ground state calculations with a set of functionals which display different values of the slope parameter L.
The skin width extracted from these calculations, according to Eq. (44), can be called ”quantal skin width”, according
to ref. [45]. As can be seen in Fig. 8, taken from ref. [62], the quantal skin width (for 208Pb) is linearly correlated
with L, especially for Skyrme and Gogny functionals. The meaning of the labels for the functionals can be found in
the original paper. In principle also in this case an experimental measure of the skin width would pin down the value
of the slope parameter L.
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It turns out that several other physical parameters are correlated with the skin width, and therefore they are cor-
related among each other. A first example is the relation between the slope parameter L and the stiffness parameter
Q of the DM. In fact in the DM the neutron skin is directly related to the ratio S/Q [8, 10], according to (neglecting
Coulomb for simplicity)
∆rnp =
3
2
r0
S
Q
β
1 + 94
S
Q A
−1/3 (45)
where r0 is the parameter of the nuclear radius, < r2 >1/2 = r0 A1/3 ≡ r . In this expression we neglect also an
additional term related to the possible difference between neutron and proton surface widths. Each functional is char-
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acterized by a different value of the parameter Q. It can be extracted [63] by comparing Eq. (45) with Thomas-Fermi
calculations in semi-infinite nuclear matter ( A→ ∞ ) at different asymmetry, where one can check the proportionality
of ∆rnp and S/Q. With the same functional, one can then calculate in a given nucleus directly the quantal value of the
skin width. For 208Pb results are displayed in Fig.9, taken from ref. [63], for a set of functionals with different values
of S and the corresponding correlations between the skin width and S/Q (J ≡ S ), and between the skin width and the
slope parameter L. This double correlations entails the correlation between L and S/Q, as anticipated in Sec. 2.2.1,
displayed on the right panel of the figure. Notice that there is no ground for a correlation between the skin width and
the symmetry energy S (at saturation) if a set of unrestricted functionals is considered. Only for a restricted set of
functionals, like the ones used for Fig. 4 or for Fig. 7, the resulting correlation between L and S would produce of
course a correlation between ∆rnp and S .
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For analogous reasons a correlation should exist between the polarizability and the neutron skin width. Indeed,
combining Eq. (37) and Eq. (45) of the droplet model, neglecting the small term proportional to A−1/3 in the denomi-
nator, one gets
αD =
Ar2
24S
(
1 +
5
2
∆rnp
β r
)
(46)
Actually this relationship suggests rather a correlation between αD S and ∆rnp. This correlation has been recently
verified [64] for the nuclei 68Ni, 120Sn and 208Pb, within the EDF formalism and procedure described above. In Fig.
10, taken from ref. [64], the case of 68Ni is considered and it is shown that there is a loose correlation between αD and
∆np, while a much tighter correlation is present between αDS and ∆np (J ≡ S ).
Following a similar procedure, it was found that the skin width correlates also with the excitation energy or strength
of most of the isovector nuclear excitations, like the Pygmy resonance [65] and the IVGQR [59], but in general such
correlations do not look so tight.
We have seen that the neutron skin does not correlate with the symmetry energy S . However it has been found [45,
66] that it correlates with the difference between the NM symmetry energy (at saturation) and the nuclear symmetry
energy of a given nucleus of atomic mass A, S − S N(A). This correlation is displayed in Fig. 11, taken from ref. [66]
(asym ≡ S N(A)). The meaning of the labelling of the different functionals can be found in the original paper. The
filled (green) dots with error bars indicate the estimated values of the skin values from beta decay data (dot on the
right) and the corresponding value for S − S N(A).
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Figure 10. (Color online) Correlation between the polarizability αD of 68Ni and the skin width for different EDF (panel (a)) and between the product
αDS of the polarizability and the symmetry energy and the skin width (panel (b)). The quantity r is the linear correlation coefficient. Figure taken
from ref. [64] .
Figure 11. (Color on line) Correlation between the skin width and the difference J − asym between the symmetry energy at saturation and the
symmetry energy at a specific atomic number A, taken from ref. [66] .
This correlation can again be understood from the Droplet Model, where the nuclear symmetry energy S N(A) can
be written
S N(A) =
S
1 + CS
; CS =
9
4
S
Q
A−1/3 (47)
Then, from Eq. (45), one gets (neglecting Coulomb)
∆rnp =
2
3
r
S
(S − S N(A)) β (48)
In the case of a functional, the nuclear symmetry energy S N(A) must be calculated, since no simple expression is
available. In ref. [45] semi-infinite nuclear matter calculations were employed, while in ref. [66] the Thomas-Fermi
expression for the isospin dependent part of the functional was integrated over the nuclear volume using the calculated
density profile. The correlations appear quite stringent in both cases.
A general discussion on the correlation of the skin width with other observables can be found in ref. [67].
From all previous considerations it is evident that an experimental estimate of the skin width would put strong
constraints on several other nuclear physical parameters. Furthermore, combined to other constraints, it would further
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restrict the symmetry energy as a function of density. This line was followed in ref. [46], where the constraints
obtained from the analysis of the IAS data were implemented with the data on the neutron skin width. The latter were
obtained by a statistical analysis of the data on pionic atoms, pion elastic scattering, polarized and unpolarized proton
elastic scattering and alpha scattering. If the functional set is restricted to the ones that, besides the IAS constraints, are
able to reproduce within the uncertainty the values obtained for the skin width, then their overall density dependence
is restricted to a much smaller region in the (S , ρ) plane. The result of this analysis in shown in Fig. 12, adapted from
ref. [46]. In the figure the region bounded by the grey (red) full line corresponds to the area depicted in Fig. 7, while
the internal smaller region bounded by the thick black line is the one where the symmetry energy S (ρ) of the selected
Skyrme functionals pass through. This looks indeed a tight constraint, which almost fixes the symmetry energy up to
saturation.
Generally speaking the data from hadronic probes that test the skin width are affected by considerable errors
because of the uncertainty on the reaction mechanism and the role of absorption. A direct measurement of the neutron
density distribution would allow to extract the neutron skin thickness since the proton density distribution is known to
a very good accuracy [68] from electron scattering data. To this purpose one needs a probe sensitive only to neutrons.
The only possibility that has been proposed up to now is the neutral current weak interaction [69], mediated by the
Z0 meson according to the standard model. In fact the weak charge for neutron is much larger than for the proton,
even if radiative corrections are included [70, 71], by more than two orders of magnitude. However one needs to
discriminate the weak interaction contribution from the much larger Coulomb scattering. A distinctive feature of
the weak interaction is the parity violation, and therefore one needs an observable quantity that is sensitive to parity
violation. The simplest quantity is the scattering asymmetry between electrons with opposite elicities, which is absent
in Coulomb scattering
APV =
σR − σL
σR + σL
(49)
where σR,L is the differential cross section of electron elastic scattering for right (R) and left (L) elicity, respectively.
Unfortunately this quantity is very small, about few units of 10−7, and many experimental difficulties hinder its
accurate determination. Among them, a prominent one is the accurate control of the electron elicity during the whole
period of the experiment. For a review of the experimental problems to be overcome in this type of measurements,
see ref. [72], where the theoretical predictions and uncertainty are also discussed. Notice that the cross sections in
Eq. (49) are of course dependent on the four momentum transfer square Q2, and therefore the determination of the
form factor of the neutron distribution is in principle possible. The electron scattering amplitudes is the sum of the
Coulomb part and the weak part, corresponding to photon and Z0 exchange processes. The former is much larger
than the latter, and therefore in the cross section the weak interaction contribution is dominated by the interference
term in the modulus square. This determines the structure of the asymmetry of Eq.(49). In the plane wave Born
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approximation it can be written [72]
APV =
GF Q2
4piα
√
2
Fn(Q2)
Fp(Q2)
(50)
where GF is the Fermi constant, α the fine structure constant and Fn, Fp the neutron and proton form factors, respec-
tively. They are connected to the density distributions in the standard form (elastic scattering) if one assumes point
nucleons
Fn,p = N
∫
r2dr j0(qr) ρn,p(r) (51)
being j0 the Bessel function of order 0. In general for finite size nucleons, the density has to be folded with the single
nucleon form factor. The ratio GF/α is of the order of 10−6, which determines the smallness of the effect. For an
accurate determination of APV , one has to perform distorted wave relativistic calculations in the Coulomb field, and
Eq.(51) must be properly modified.
Figure 13. (Color online) Correlation between the electron scattering asymmetry and the skin width for 208Pb and the skin width for different
functionals. The cross indicates the experimental value with errors. Figure from ref. [73]
On the experimental side, thanks to the continuous progress along the years, this method has become very promis-
ing towards an accurate determination of the asymmetry. The experimental status updated to the year 2014 can be
found in ref. [4]. The efforts have been concentrated on the nucleus 208Pb (PREX experiment) and 48Ca (CREX
experiment) at the Jefferson Lab. The two nuclei are both neutron rich enough to expect a substantial skin thickness.
The PREX experiment has been performed in the preliminary configuration (PREX-I), while CREX experiment has
been approved. The updated version of PREX (PREX-II) has also been approved.
The result of PREX-I experiment is reported in Fig. 13 from ref. [73]. Here is indicated the value of the measured
asymmetry (the square at the center of the cross) with the estimated error (vertical bar). For comparison are reported
the predictions based on a set of functionals, which show a correlation between asymmetry and neutron radius rn.
Assuming this linear correlation (the straight line passing through the open circles) to hold, one can get the center
value of rn and the corresponding uncertainty (horizontal bar). Notice that the asymmetry is measured at one scattering
angle (5 degrees in the lab frame), which is taken as small as possible. In fact according to Eq. (51) at Q = 0 the
form factor is proportional to the mean square radius, and therefore at small Q2 the correlation should be stronger.
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Figure 14. (Color online) Linear correlation between the electron scattering asymmetry and the the skin width for a wide set of functionals. Taken
from ref. [74].
The nominal error for rn is about 3%. Unfortunately this is too large for the estimate of the neutron skin thickness,
which could be used to estimate e.g. the slope parameter L, see Fig. 9. The PREX-II is expected to reach a precision
of about 1%.
In ref. [74] a larger set of functionals was considered, and it was shown that the correlation is less stringent even if
the functionals are selected among the ones that fit well the nuclear binding and charge radii. In particular functionals
that give the same asymmetry can produce a different neutron radius. It was shown that this difficulty can be overcome
by calculating directly the skin width ∆rnp, since then the uncertainty in the neutron radius is compensated by the
fluctuations in the charge radius and a much tighter correlation is present, see Fig. 14. In the figure is indicated
(vertical and horizontal bars) that an error of 5% in APV should result in an error of 25% in the skin thickness. This is
approximately the precision that PREX-II should obtain.
2.2.4. Critical discussion on the density functionals method.
We have repeatedly reported results based on the density functionals method. It consists in considering a set,
as wide as possible, eventually constrained to fit well some relevant physical characteristics of nuclei, and look for
correlations between a measurable quantity and physical parameters connected with the symmetry energy. The un-
avoidable question that arise when applying this method is mainly twofold. Is the sample of functionals large enough
or the correlation is biased by the choice of the set and a larger or different set would make the correlation weaker ?
Is the correlation meaningful or rather it is an artifact of the necessarily limited complexity of a generic functional ?
The first question could be, at least partly, answered by considering the cross-correlation (covariance) between the pa-
rameters of the functional that have been fitted without reference to the symmetry energy and the ones directly related
to the symmetry energy. If the co-variance is small, one could confirm that the correlation is a genuine effective one
between the measured quantity and the physical parameters related to the symmetry energy. The co-variance analysis
has been developed in general in the last few years [75, 76, 77], and it would be desirable that more and more such
analysis will be performed to clarify the meaning of a generic correlation based on this method.
The second question cannot be easily answered. Microscopic calculations cannot be clarifying, since they can-
not be tuned to produce a correlation. Therefore the correlations that have been found are necessarily due to the
parametrization of the functionals, and as such they are biased by their general simplified structure. Despite that, the
correlations can have a genuine physical meaning and can be validated by cross checking them in different combina-
tions to verify their mutual consistency.
25
M. Baldo and G.F. Burgio / Progress in Particle and Nuclear Physics 00 (2016) 1–71 26
3. The symmetry energy in Astrophysics
Nuclear Physics plays a fundamental role in the structure and dynamics of astrophysical compact objects, like
Supernovae (SN) and Neutron Stars (NS). In particular the behaviour of the nuclear symmetry energy as a function
of density and temperature is crucial for interpreting many astrophysical observations, and for understanding many
phenomena related to compact objects. Besides the structure of NS, the evolution of supernovae explosions, the NS
oscillations and gravitational waves emission, the transient phenomena in NS, the binary mergers final stage, are all
strongly influenced by the features of the nuclear symmetry energy. These phenomena occur in very different physical
contexts, and accordingly they are sensitive to different aspects of the symmetry energy. In the following we analyze
the relevance of the symmetry energy in astrophysical objects and phenomena, and to what extent observational data
can constrain the symmetry energy.
3.1. The crust of Neutron Stars.
In the standard physical model NS contain nuclear matter at very different density, from few times saturation
density down to values pertinent to terrestrial materials. We are referring here to cold non-accreting NS. In the more
external part nuclear matter is non-homogeneous and arranged in a lattice of different shapes. This part is solid and it
is denominated as ”crust” of the NS. The most external part of the crust, the so-called outer crust, is a Coulomb lattice
of nuclei immersed in a gas of relativistic electrons. The atomic and charge numbers (A,Z) of these nuclei change at
increasing density towards the core of a NS, starting from 56Fe ( the most bound nucleus in nature ) and becoming
more and more neutron rich. The (A,Z) composition is determined by beta equilibrium and charge neutrality, and
therefore it is directly affected by the symmetry energy of nuclei, mainly through the chemical potentials of neutrons
and protons. This is equivalent to minimize the energy at a given crust density, and this can be determined if the
binding energy for each (A,Z) is known. At the lowest density the nuclei are the ones available in the laboratories,
and therefore the binding energy can be obtained from the well established data on nuclear masses. When proceeding
downwards, the asymmetry of nuclei is increasing and one starts to encounter nuclei that are so beta unstable that
are not available in laboratory, i.e. they are very ”exotic”. They do not decay in the crust because the electron gas
prevents the electron emission due to the Pauli blocking. Then It is clear that an extrapolation of the nuclear models
is mandatory, and no experimental data in laboratory can be helpful. The extrapolation can be performed using all
the methods that we have considered in Section 2, including the LDM and DM. If one follows the density functionals
scheme, this extrapolation can be dependent on the functional, and the main reason for that is a different behavior
of the nuclear symmetry energy S N in this exotic region, which cannot be experimentally tested. We have seen that
the value of S N is directly connected with the symmetry energy at sub-saturation density. The relevance of S (ρ) is
illustrated in Fig. 15, from ref. [78], where the sequence of nuclei at increasing density is reported for two different
functionals. The Gogny functional D1S has a lower symmetry energy than the Skyrme functional Sly4 and can
support more neutron rich nuclei, so that for the former there is a larger plateau at neutron number N = 50, whereas it
is located at N = 40 for the latter. For the same reason the plateau at N = 82 is reached at lower density for D1S than
for Sly4.
The increase of neutron excess with density can be understood looking at LDM for the mass of nuclei, see Eq.
(5). Once the neutron and proton masses, mn,mp, are included, one can get the chemical potentials for neutrons and
protons, µn, µp, by differentiating with respect to the neutron number N and proton number Z, i.e.
µn − µp = mn − mp − 13 ac
xp
A1/3
+ 4S N(1 − 2xp) (52)
where xp = Z/A is the proton fraction. At increasing density the electron density and the corresponding chemical
potential µe must increase. Since by chemical equilibrium µn − µp = µe, according to Eq. (52) the proton fraction
xp must decrease. Then the role of the symmetry energy S N is evident.
As we proceed downwards inside the NS, the neutron excess becomes so large that the neutron chemical potential
becomes positive and the neutrons start to drip from nuclei. This is the region of the so-called inner crust, where
nuclei are surrounded by a neutron gas. This means that nuclei are unstable also with respect to the strong interaction.
Energy density functionals are in principle unable to predict the drip point since it is far away from the region of mass
and charge where they have been tested. However microscopic calculations can be reliable to this respect, and it turns
out that most of them agree on the value of crust density where the drip starts to occur [79], ρdrip ≈ 2.6 × 10−4 fm−3,
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Figure 15. (Color online) Composition of the Neutron Star outer crust for two different functionals, from ref. [78].
even if some discrepancy exists on the first nucleus that starts to drip. In any case it is clear that the drip point does
not depend only on the symmetry energy, but it is determined by more subtle nuclear structure effects. In particular
shell and single particle effects are essential and only at the Thomas-Fermi level some correlations with the symmetry
energy can be found [80]. This was confirmed recently in ref. [81], where the drip point was analyzed in the case
of the presence of a strong magnetic field (e.g. magnetars) and for accreting and non-accreting NS. Although some
correlations were found between symmetry energy and drip point, which turns out to be quite different in presence
of accretion, the symmetry energy has only a minor relevance for the determination of the drip point, which is more
influenced by the nuclear structure features of the nuclei in the crust.
At increasing density the nuclei at the center of the lattice sites can become deformed, and finally the nuclear
matter can be arranged in more extended structures, like slabs, rods, tubes, bubbles and more complicated structures
or even in a disordered structure, similar to an amorphous material. Finally the matter becomes homogeneous at a
well defined density, corresponding to the edge of the crust. This is the point of the so-called spinodal instability of
homogeneous asymmetric NS matter towards the formation of non homogeneous structures. The region between the
regular lattice of nuclei and homogeneous matter is called ”pasta phase”. If the symmetry of the inner crust is restricted
to a lattice with spherical nuclei (that would be better called ”nuclear matter blobs”) the transition from the lattice to
the homogeneous matter is sharp. If the pasta phase occupies a restricted zone of the NS, the density at which the
spinodal instability occurs will identify approximately the boundary of the inner crust. The spinodal instability can be
found by looking for the point in the (ρn, ρp) plane where the total curvature of the energy surface E(ρn, ρp) vanishes
[84]. Here ρn, ρp are the neutron and proton density, respectively. For a given functional, the transition density can be
identified following the evolution of the energy and composition of the NS matter as the total density decreases from
the homogeneous phase. It turns out that the transition density ρt is (anti-)correlated with the slope parameter L that
characterizes the functional [82]. In panel a) of Fig. 16, taken from ref. [82, 83], this (anti-)correlation is illustrated
for a set of Skyrme functionals and relativistic mean fields. The linear correlation looks stronger for the former than
for the latter. Two more microscopic calculations (BHF, QMC), to be discussed in Section 5, seem to follow the linear
correlation determined mainly by the Skyrme functionals. Since the skin thickness is also correlated with L, panel b)
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Figure 16. (Color online) (Anti-)Correlation between the density ρt for the crust-core transition and the slope parameter L, (panel a)). Correlation
between the skin width δR and L (panel b)). Resulting correlation between ρt and L (panel c)). Figure from ref. [82, 83].
(δR ≡ ∆rnp) and Fig. 9, this results in a direct correlation between ρt and skin thickness, as shown in panel c). The
reason of the correlation between ρt and L is unclear, since NS matter is extremely asymmetric (xp is of the order of
few percents), while L is defined for symmetric matter.
The smallness or even non-existence of the pasta phase for NS matter in beta equilibrium was observed for Skyrme
forces [83] or other functionals [19]. The pasta phase within the functional method is obtained by considering differ-
ent periodic structure of one dimensional character (rods, tubes), and of two-dimensional character (slabs), or three-
dimensional, i.e the ”ordinary” spheres or bubbles (empty spheres), all calculated in the mean field scheme (Hartree
or Hartree-Fock calculations), and then finding the lowest energy configuration. If such a configuration does not cor-
respond to a lattice of nuclei (spheres), one concludes that the considered density is inside the pasta phase. Even if
the functional method can allow for more complex periodic configurations [85], it is unfit to describe disordered con-
figurations, which however cannot be excluded. The origin of a disordered phase in the inner crust is the mechanism
of ”frustration” due to the competition between the repulsive long range Coulomb interaction and the attractive short
range nuclear force. The effect of frustration is the appearance of numerous local minima, energetically very close. A
brief discussion on frustration from the point of view of a nuclear physicist can be found in ref. [86]. Semi-classical
Molecular Dynamics was developed in refs. [86, 87, 88, 89] for handling this problem. Due to the complexity of
the problem, even special computer chips were developed for the simulations. Disordered configurations in realistic
physical situations were indeed found [88]. However the size of the disordered phase could not be firmly established,
also in view of the semi-classical approximation. The size of the disordered phase, or even its mere existence, can be
considered still an open question. A possible extension of the method to the quantal treatment was presented in ref.
[90] (the MADNESS project), which probably will give the ultimate solution of this intriguing problem.
The relation between the pasta phase and the symmetry energy is difficult to establish, even at qualitative level,
but in any case the possible detection of the disordered phase can put further constraints on the functionals.
Once the possible connection between the characteristics of NS crust and nuclear symmetry energy is established,
the natural question that arises is if the properties of the crust can have observational counterparts. First of all, as a
general remark, one must stress that what is observed is usually filtered through the atmosphere of NS. Then one has
to look for observational data that are not dependent on the composition of the atmosphere, or to rely on cases where
such a composition can be considered established.
We have seen that the solid crust of a NS is formed by a Coulomb lattice. The shear modulus µ of such a lattice
depends only on the charge of the ions, as it is well known in solid state [91], and it is given by
µ = 0.1194
n(Ze)2
a
(53)
where n is the ion density and a = ( 34pin )
1/3 is the average lattice spacing. The formula is for body-centered cubic
lattice, which is the lowest in energy, and it is valid also for NS crust since the possible neutron component does
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not contribute to the shear modulus. Shear oscillations are associated to a non-zero shear modulus, and if the NS
crust is sufficiently decoupled from the core, these oscillations can produce observable phenomena sensitive to the
symmetry energy. The oscillation frequency depends on the Z value and lattice spacing a, according to Eq. (53), or
more precisely to the average value of Z2/a. The best candidates that could be related to the crust oscillations are
the Quasi Periodic Oscillations that were observed in giant flares of highly magnetized NS, and in ref. [92] it was
suggested that the frequencies of these oscillations could be associated with the fundamental shear oscillation of the
crust and its overtones. The observation of these oscillations is obtained by the Fourier analysis of the X-ray signal
coming from the NS, which besides the pulsar rotational frequency shows additional low frequency peaks. Different
crust models were examined, and variations even of factors 2-3 in frequency were found, and those are related to the
different values of Z/a. Since the crust composition and structure depend mainly on the symmetry energy, this could
be an indirect method to extract the symmetry energy from the observational data. References to the observational data
can be found in the original paper [92]. Unfortunately up to now there is no general agreement on the interpretation
of the observed oscillation frequencies.
Also transport properties of the crust depend on its structure and play a major role in many NS processes, since
any phenomena that occur in the core is filtered by the crust before it can be observed. In particular neutrino opacity is
affected by the presence of the pasta phase [86]. The composition of the inner crust has influence on the deep crustal
heating in accreting NS [93]. Thermal conductivity is also affected by the crust structure, but it is a quite complex
process, involving many features of the crust [94]. All these phenomena can in principle provide information on the
nuclear symmetry energy, but unfortunately they are quite indirectly related to it and the results obtained from their
analysis are necessarily model dependent.
3.2. The Core and the overall Structure of Neutron Stars.
The NS crust extends up to a density that is usually between 1/2 and 2/3 the saturation density, depending on the
model. According to the NS standard model, below the crust there is a liquid core of homogeneous nuclear matter,
where neutrons, protons, electrons and muons are in beta equilibrium, and the fraction of each one of these components
is determined by imposing charge neutrality and thermodynamic equilibrium. These two conditions correspond to the
relations
np = ne + nµ
µn = µp + µe
µµ = µe
(54)
where the n′s indicate number densities, the µ′s the chemical potentials, and n, p, e, µ stand for neutrons, protons,
electrons and muons, respectively. The electrons are ultra-relativistic, and, neglecting their (weak) electromagnetic
interaction their chemical potential can be calculated from a free Fermi gas, i.e. µe = ~ckFe, where kFe is the electron
Fermi momentum. To calculate the nucleon chemical potentials one must know the asymmetric nuclear matter EOS.
Let be E(N,Z) the total energy as a function of the neutron numbers N and the proton number Z, and e(ρ, β) = E/A
the corresponding energy per nucleon. One gets
µn − µp =
(
∂E(N, A − N
∂N
)
A
= −
(
∂E(A − Z,Z
∂Z
)
A
= 2
(
∂e(ρ, β
∂β
)
ρ
(55)
where the subscripts label the quantity that is held fixed in the differentiation. If we assume that the dependence of
the EOS on the asymmetry is quadratic, i.e. we stop the expansion of Eq. (1) at the first non-vanishing term (which
turns out to be a good approximation), then Eq. (55) simplifies to
µn − µp = 4S (ρ)β (56)
Then the condition for the chemical potentials in equation (54) becomes an explicit equation for the proton fraction
xp = Z/A
4S (ρ)β = µe ≡ ~ckFe = ~c(3pi2ne)1/3 = ~c(3pi2ρxp)1/3 (57)
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This equation shows that the proton fraction is determined by the nuclear matter symmetry energy. For xp << 1, one
gets an explicit expression for xp
xp(ρ) =
(
(4S (ρ))3
(~c)3(3pi2ρ)
)
(58)
We have seen that the symmetry energy at small enough density increases at least linearly with density, and therefore
xp is indeed very small and increases also with density. At higher density, the behaviour of xp depends on the EOS,
but in any case the symmetry energy is the basic quantity. It follows that if we could determine xp in the core we
could extract S (ρ). Of course this is not possible in a direct way, and one has to rely on indirect methods, i.e. look for
observable phenomena or physical parameters that are sensitive to the values of xp.
If one assumes a quadratic dependence of the symmetry energy on the asymmetry parameter β, one can relate in
a simple way the pressure of NS matter P(ρ) to the pressure PS (ρ) of symmetric nuclear matter at a given density ρ
P(ρ) = PS (ρ) + ρ2
d (S (ρ)β2)
dρ
(59)
which shows explicitly that the behavior of the symmetry energy determines the stiffness of the NS matter EOS in
the core with respect to symmetric matter. Once the EOS is known as a function of density and asymmetry, one can
calculate the density profile of NS, which fixes the relation between its mass M and its radius R [95]. This must be
done in the framework of General Relativity, due to the extremely intense gravitational field, and the basic equation
to be solved is the celebrated Tolman-Oppenheimer-Volkoff equation [95], where the pressure as a function of energy
density is the only input. In principle the observation of masses and radii of a certain number of NS could tightly
constrain the EOS, even if not determine it uniquely, and therefore also the symmetry energy as a function of density.
In ref. [96] the data on six compact objects were analyzed, three Type-I bursters and three transient low-mass X-ray
binaries and constraints on their masses and radii were obtained. These constraints were then used to restrict the
range of possible EOS, that were parametrized by a flexible analytical form. The main uncertainty is the behavior of
the EOS above saturation, and in refs. [96, 97] it was shown that it is possible in this way to put constraints on the
symmetry energy at saturation. The following range of values were obtained
28 < S < 34 MeV , 43.3 < L < 66.5 MeV (60)
On the other hand the EOS for symmetric matter at high density has been constrained from the data on heavy ion
collisions [98], as it will be discussed in Sec.4. Combining the latter results with the ones of ref. [96], it is possible
to restrict the symmetry energy as a function of density. In principle from Eq. (59) one could extract S (ρ) by
simple integration if P(ρ) and PS (ρ) are known. However, since the constraints are not strong enough to avoid
large uncertainties, a more viable method is to consider a large enough sample of functionals, already optimized on
other data, e.g on nuclear binding, and select the ones that are compatible with the two EOS, for symmetric matter
and NS matter respectively. The restricted set of functionals would provide the range of possible symmetry energy.
Alternatively, as we will discuss in Sec. 5, one can select the theoretical microscopic EOS that satisfy the same
criterion and extract the corresponding symmetry energy.
A process that is strongly dependent on the symmetry energy is the cooling of NS, which can last million years.
We are referring here to isolated non-accreting NS. The simplest process for cooling is the beta decay of neutron or
the electron capture by protons, which ultimately consists in the loss of thermal energy by emission of neutrinos and
anti-neutrinos. Neutrino emission dominate the cooling process after thermal relaxation of the star and for a long
period until it decreases so much that the photon emission starts to dominate. The neutrino emission occurs through
the following reactions
n → p + e + ν
p + e → n + ν (61)
which defines the so called direct URCA (DURCA) process [95]. For the NS matter in the core, due to energy and
momentum conservation, these processes can occur only if the fraction of protons [95] exceeds some minimal value.
In absence of muons this threshold fraction is xp ≈ 12%, and xp ≈ 14% when muons are included. Since the proton
fraction is determined by the density dependent symmetry energy, this threshold percentage implies also a density
threshold. The latter is however dependent on the EOS, which fixes the symmetry energy as a function of density.
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It can also happen that this threshold proton fraction is actually not reached inside the NS and the DURCA process
does not occur. Then neutrino emission can take place ins the core through the so-called modified URCA (MURCA)
processes, where the energy and momentum conservation can be fulfilled by the interaction with an additional nucleon.
The URCA process is the fastest process for cooling, and its occurrence without any hindrance, even in a restricted
region of NS, cools down the star in a few hundreds of years. The MURCA process is several orders of magnitude
slower, as other neutrino emission processes, e.g. nucleon-nucleon bremsstrahlung. An extensive discussion on
neutrino emission processes from NS can be found in ref. [99]. The observational data are usually summarized by
reporting in a plot the temperature and age of those NS in which they have been approximately determined. The
cooling curve of each NS of a given mass can be calculated once the EOS of NS matter and its composition are
known. These simulations are quite complex, and we cannot go into details, thus limiting ourselves to a schematic
discussion. The calculated cooling profiles must pass through one or few of the observational data for some choice
of the NS mass. For small enough masses the central density is so small that DURCA cannot occur and the cooling
is slow. At increasing mass the onset of DURCA can be possible, according to the EOS. Then the cooling becomes
fast. Therefore, at first sight, small NS should cool slowly, while heavier NS should cool fast. As the mass is varied
the calculated cooling curves should cover the region of the plot where the observational data are present. Since the
onset of DURCA depends on the proton fraction reached inside the NS, this comparison with the data should give
relevant indications about the symmetry energy of nuclear matter, at least at the high asymmetry expected in the NS
core. Unfortunately the analysis of the observational data is much more complicated.
First of all the NS that cool fast can reach in a few hundred years a temperature so low that they cannot be observed,
which means that they cannot appear in the cooling plot of the data. Then different density threshold for DURCA
could simply result, at least to a certain extent, to just a different mass assignment to each observational data.
The second complication is the possible presence of superfluidity in NS matter, both for neutrons and for pro-
tons. In superfluid matter DURCA process can be strongly reduced, and for very strong superfluidity it can become
comparable to MURCA [99, 100, 101]. Actually the superfluid matter can cool faster in the initial stage, when the
temperature is still a fraction of the superfluid critical temperature, due to the so-called pair breaking process [99].
However all observed NS are in the later stage (with the possible exception of the noticeable case of the NS in Cas-
siopeia A ), where the temperature is much smaller then the critical temperature and the superfluid hindrance is in
operation. The reason of such suppression of DURCA is the reduction of the available phase space when pairing
is present. In fact pairing is characterized by an energy gap in the single particle spectrum, which is a strong hin-
drance to the low energy neutrino emission process. The DURCA process is then exponentially reduced by a factor
exp (−T/Tc ) , where T is the matter temperature and Tc the critical temperature for pairing. The effect of pairing is
illustrated in Fig. 17, taken from ref. [99]. The EOS included in the simulations can support DURCA process at suffi-
ciently high density. If one excludes pairing (dotted lines) the small mass NS cooling is relatively slow (1.3 solar mass
in the figure), while more massive NS cool fast (mass 1.5 in the figure). With the introduction of superfluidity (dashed
lines) the distinction between fast and slow cooling basically disappears. The simulations have been performed with
a strong pairing gaps constant all throughout the NS core. Such an extensive presence of pairing is crucial to suppress
the DURCA process. Therefore pairing can be considered the principal regulator of the NS cooling. Unfortunately
the theoretical estimates of the nuclear pairing gaps in nuclear matter is quite uncertain [102, 103].
Roughly speaking one can say that the data on cooling can be explained or in a scenario with no DURCA and no
pairing, or in a scenario where DURCA is possible but suppressed by strong pairing [104]. The assumption that the
DURCA process is absent or strongly quenched belongs to the so-called ”Minimal Cooling Paradigm” [105].
In conclusion the possibility to connect directly cooling and the nuclear matter symmetry energy is strongly
reduced by the complexity of the problem, but in modeling the cooling process the symmetry energy plays a decisive
role.
Another possible relevance of the symmetry energy in the NS physics is in the determination of the NS maximum
mass. Recent observations have established the existence of NS of 2 solar masses, in PSR J348+0432 (2.1 ± 0.4 M)
[106] and PSR J1614-2230 (1.97±0.4 M) [107]. These observational data put stringent constraints on the nuclear
matter EOS, which must be able to support such NS mass, or larger. This means that the NS matter EOS must be
relatively stiff. Since the symmetric nuclear matter seems to be relatively soft [98], this poses constraints on the
symmetry energy as a function of density, see Eq. (59). A few theoretical EOS [108, 109, 19] are able to fulfill
both the NS maximum mass condition and at the same time to be compatible with the constraints of ref. [98], which
indicate that these EOS are characterized by a symmetry energy compatible with phenomenology and observational
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data. The sensitivity of NS mass (and radius) to the symmetry energy at saturation was studied in ref. [110], where
a flexible form of three-neutrons interaction was used to estimate the uncertainty on the NS mass. Even if the results
are only upper limits on the NS mass, they indicate the relevance and the role of the symmetry energy in the problem
of the maximum mass.
Figure 17. (Color online) Superfluidity effects on the cooling curve of Neutron Stars. The dotted lines correspond to Neutron Stars without
superfluidity. From ref. [99]
Another possible physical property of NS that could be sensitive to symmetry energy is their radius. In refs. [111]
it was indeed shown that, for the parametrized PAL EOS [112], the variation of the value of the symmetry energy
at saturation alters the NS radius, especially for NS of smaller mass. Later works have confirmed the correlation
[113, 114]. However the radius is sensitive to the crust EOS [115]. To have a clear conclusion is then necessary to be
consistent between the EOS for the crust and the core. In any case the possible constraints on the symmetry energy
from the data on the radius are necessarily mixed with the crust structure. From the observational point of view recent
analyses of data on quiescent low-mass X-ray binaries (QLMXRB) [116] and X-ray busters [117] seem to indicate
that the radius could be as small as about 10 Km. Although more studies could be needed [118], these results, if
confirmed, would pose serious constraints on the overall behaviour of the symmetry energy, pointing in the direction
of a moderate increase of the symmetry energy as a function of density. Notice that a steep increase of the symmetry
energy does not necessarily imply a stiff EOS for NS matter, since a large symmetry energy produces a large proton
fraction, which will reduce more strongly the pressure.
The structure of NS could be more complex than described above. In fact exotic matter, like hyperonic or quark
matter could appear in the core. A review on this problem can be found in ref. [119]. If this possibility is indeed
realized inside NS, then a different prospect should be taken, since the inclusion of exotic matter would require a
revision of the EOS and other properties of the NS matter. The discussion on this subject is outside the scope of the
present paper.
3.3. The role of Symmetry energy in Supernovae.
The supernovae (SN) explosion triggered by gravitational collapse [120] is one of the most spectacular astrophys-
ical phenomenon. When a star evolves along the principal sequence and has a mass large enough (roughly larger than
8 M) it reaches a stage where the growing central iron core becomes unstable against collapse (Chandrasekhar insta-
bility). The contraction of the core reduces the electron fraction by beta capture on nuclei, so the electron pressure is
further reduced and the collapse can stop only when the central density is close to the nuclear matter saturation density
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or slightly higher. At this point the repulsive action of nuclear matter dominates and the collapse stops (provided that
the mass is not so high that star enters the stage of black hole). Then the nuclear matter bounces and a shock wave is
formed which expands against the neutrino sphere and the still in-falling matter. If the shock wave is energetic enough
an explosion occurs, whose luminosity can exceed the luminosity of the entire galaxy where the star resides. This
schematic description of the supernovae explosion already suggests that the nuclear matter EOS, in particular its sym-
metry energy, should play a relevant role. A review of the connection between the general EOS and the supernovae
characteristics and on the numerical simulations can be found in ref. [121].
The nuclear physics involved in supernovae is quite different from the one in NS, in particular the nuclear matter
EOS that has to be considered under rather different physical conditions. The temperature reached during the collapse
and after the bounce is high enough to change the behaviour of the EOS. One must then consider the free energy as
the basic thermodynamic potential, rather than the internal energy, and correspondingly the symmetry free energy.
Furthermore the typical asymmetry which develops in the supernovae process is much smaller than in NS matter.
We do not enter into details about the supernovae mechanism, but for the later discussion it is important to notice
that after many years of sophisticated simulations the most reliable model for the explosion is the one of the delayed
neutrino revival. The initial shock wave in its outward expansion is expected to loose its energy by the dissociation
that produces on the nuclei of the falling material, and by neutrino emission from the electron capture on free protons.
The shock wave produced in simulations turns out to be not large enough to overcome the total loss of energy, and the
shock stalls at a certain distance (100-150 Km) from the compact object that is forming at the center, the proto-neutron
star (PNS). The mostly accepted solution of this problem is that the flux of neutrinos emitted by the hot PNS, and
that were trapped there just before bounce, is so large that it can revive the shock, which leads finally to an explosion.
The picture that emerges is a delayed explosion mechanism. Notice that the trapping of neutrinos in the PNS can last
for several seconds. Furthermore it has been found that it is essential to perform the simulations in two or, better,
three dimensions (rather than in spherical symmetry) to obtain a successful explosion, at least for the larger masses
[122, 123, 124]. This is due to the relevance of the convective processes and hydrodynamic instabilities, that cannot
occur in spherical symmetry. They increase the neutrino opacity of the matter behind the shock, thus increasing the
energy deposition of the neutrinos, and introduce mechanical instability in the supernovae evolution.
Generally speaking the connection of micro-physics, e.g. the nuclear EOS, and the evolution and properties of
supernovae faces the difficulties summarized in the so-called ”Mazurek law” [120]. According to this ”law” the
supernovae event is affected by many factors that conspire to keep the final results quite stable with respect to changes
in the micro-physics. This is probably a consequence of the complexity of the phenomenon. This trend was confirmed
in ref. [125], where it was found that the central density at bounce is weakly correlated with the slope parameter L of
the symmetry energy, and the symmetry energy itself has only a moderate influence on the evolution of the electron
fraction.
The matter which is present along the supernovae evolution is in an extremely wide range of density and tem-
perature. In the outer part of the supernovae, both during the collapse and just after the bounce, the SN matter is
at density low enough that it is composed of nuclei and unbound protons and neutrons. At bounce and in the PNS
the matter is expected to reach a density a few times the saturation value and a temperature of few tens of MeV. It
is therefore rather challenging to device a single EOS appropriate for such different physical conditions. There are
three EOS which indeed describe the overall supernovae matter. One is based on the compressible liquid drop model
[43], where the low density matter is assumed to contain nucleons, alpha particle and a representative heavy nucleus
for mimicking the statistical distributions of nuclei. The uniform nuclear matter EOS is parametrized phenomenolog-
ically with few possible value of the incompressibility. The smooth transition from low to high density is achieved
by imposing statistical equilibrium among the different species, and introducing different matter shapes in the (finite
temperature) pasta phase region. The excluded volume approximation is used to include the interaction between the
different species in the low density regime. Similarly in the EOS of ref. [126] the relativistic finite temperature
Thomas-Fermi approximation is used to describe the non-homogeneous matter with a representative nucleus and the
gas of nucleons and alpha particles. Finally the EOS of ref. [127] introduces a statistical ensemble of nuclei in the low
density part together with a relativistic mean field for nucleons and alpha particles, as well as for the homogeneous
matter. In the low density regime these EOS give different N and Z for the heavy nuclei as a function of density and
temperature. Since the collapse evolution is mainly determined by the electron capture process on nuclei, these EOS
give different [121] rate of deleptonization (i.e. neutrino emission) and therefore different lepton fraction YL at the
trapping stage in the PNS. These differences are related to the nuclear symmetry energy only very indirectly through
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the predicted binding of nuclei, but many other effects are relevant and no imprint of the nuclear matter symmetry
energy can be identified. However in the collapse phase up to bounce also the (inhomogeneous) matter symmetry
free energy is relevant. The contraction rate is driven by the pressure of the matter, which depends also on the total
asymmetry. One can derive the contribution PB to the total pressure of the baryonic matter from the free energy F
PB = ρ2B
(
∂F
∂ρB
)
T,Ye
(62)
where the subscript indicates the quantity to be held fixed in the partial derivative. The dependence of the free energy
on the asymmetry can be expanded as for the nuclear matter symmetry at zero temperature
F(T, ρ, β) = F(T, ρ, 0) + S B(T, ρ)β2 · · · · · · · · · (63)
where S B can be identified as the baryonic matter symmetry energy at finite temperature, or better symmetry free
energy. It has to be stressed that this symmetry energy must be distinguished from the symmetry energy for nuclear
matter, since it is defined for baryonic matter that contains heavy nuclei and eventually light clusters. It can have a
quite different value with respect to the one for uniform nuclear matter at the same density. Even if the latter is actually
unstable towards cluster formation at these low densities, it can be still defined. The symmetry energy S B can have
some connection with the symmetry energy that appears in heavy ion collisions in the multifragmentation regime, as
it will be discussed in Section 4.
The PNS cannot be observed since in the post-bounce period the mantle, which eventually will be expelled by
the explosion, will obscure all possible signals coming from the PNS. A noticeable exception is the neutrino signal,
that, despite its elusive character, was observed by the Kamiokande apparatus, which detected a few neutrinos coming
from the supernova 1987a [128]. A galactic supernova is expected to give a neutrino signal coming from the PNS
strong enough to enable a detailed study of the PNS evolution. The connection of the neutrino signal and the nuclear
matter symmetry energy was studied in ref. [129], where the neutrino luminosity of the PNS as a function of time
was studied by simulations that include convection. The convection was shown to modulate the neutrino luminosity
in a characteristic way, that looks dependent on the symmetry energy of the matter. In fact the convection affects the
neutrino transport and the neutrino luminosity of the matter.
In general the convection phenomenon is due to buoyancy instability. In order to see the connection with symmetry
energy, we will describe briefly the mechanism of convection, following refs. [130, 129]. Let us consider a certain
amount of PNS matter in equilibrium under the influence of the gravitational field. For simplicity we can assume
spherical symmetry. Each small portion of matter (a blob, say) centered at a given radial distance r is characterized
by the local matter density ρ, the pressure P, the entropy s and the composition. i.e. the lepton fraction YL. As a
consequence of the matter EOS we can assume that the density is a function of the other physical variables,
ρ(r) = ρ(P(r), s(r),YL(r)) (64)
If the blob is moved at large radial distance slowly enough, it will adjust to be in equilibrium with the surrounding
medium, i.e. its thermodynamic variables will change and acquire the values of the matter around it. If the motion is
not slow enough, thermodynamic equilibrium will not be reached and some of the variables can be assumed to keep
their initial value. Which ones of the thermodynamic variables will equilibrate and which ones will keep their initial
value will depend on the physical conditions. In any case the density of the blob at its shifted position will be different
from the one of the surrounding matter, according to Eq. (64). If this density is smaller than the one of the surrounding
matter, the blob will be pushed up by buoyancy. This means that the medium is unstable for an ascending motion of
the lower part, which entails convection. It is clear from the discussion that different types of convection are possible,
according to which variables are kept adiabatic and which ones equilibrate with the medium. The possible convection
that seems to be appropriate, if possible, in the matter of a PNS is the so-called Ledoux convection, where the motion
is locally adiabatic, i.e. at constant entropy, and the composition also does not change, while the pressure equilibrates.
Therefore the condition for the onset of convection is in this case
ρ(P(r + λ), s(r + λ),YL(r + λ)) − ρ(P(r + λ), s(r),YL(r)) = λ
 (∂ρ
∂s
)
P,YL
ds
dr
+
(
∂ρ
∂YL
)
P,s
dYL
dr
 ≥ 0 (65)
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where the density difference is expanded to first order in λ. This condition can be satisfied or not during the evolution
of the PNS and the corresponding mantle. It can be used in the simulations to introduce convection in the proper
regions of the PNS. The connection with the symmetry energy can be seen considering the second term (inside the
brackets) in the inequality (65). Taking into account the condition of the equilibration of the pressure, one gets(
∂ρ
∂YL
)
P,s
= −
(
∂P
∂YL
)
ρ,s
(
∂ρ
∂P
)
YL,s
(66)
For simplicity we will further neglect the neutrino component, i.e. YL ≡ Ye, and the effect of temperature. Then,
using Eq. (59), one gets for the contribution PB of the baryons to the pressure P(
∂PB
∂Ye
)
P,s
= −4ρ2B
(
∂S
∂ρB
)
( 1 − 2Ye ) (67)
where S is the nuclear matter symmetry energy taken at the local density. One finally gets(
∂ρB
∂Ye
) (
dYe
dr
)
= 4ρ2B
(
∂S
∂ρB
)
( 1 − 2Ye )
(
∂ρB
∂PB
)
Ye,s
(
dYe
dr
)
(68)
The factor in front of the radial derivative of Ye is positive for any reasonable NS matter EOS. Therefore a positive
gradient of the electron fraction Ye will move the matter toward a possible convection instability, a negative one has a
stabilizing effect. In particular for a reasonable EOS a positive gradient both for entropy and electron fraction implies
the onset of Ledoux convection. The effect of the electron fraction gradient is larger for larger slope of the nuclear
symmetry energy at the local density. Following similar considerations one can obtain an estimate of the growing time
of the convection inside the instability region. In general the faster is the developing of the convection more robust
is its presence with respect to the physical conditions of the PNS matter. This means that convection will persists
for longer time and again this depends also on the average slope of the symmetry energy, according to Eq. (68).
Since the presence of convection increases neutrino luminosity, the time profile of the neutrino emission is affected
by the features of the symmetry energy of the EOS of the PNS matter. This was indeed checked in ref. [129], where
two functionals with a different symmetry energy were employed in the simulations of the PNS after bounce. From
this paper we report here Fig. 18, where the corresponding neutrino counting as a function of time is drawn for the
two functionals. A galactic supernova was assumed and the efficiency of the detector, similar to Kamiokande, was
properly included. The drop of the counting at about 3 sec. (time of the simulation) is due to the end of the mantle
convection in the simulation for the functional GM3 (full black line). This is only slightly modified if the neutrino
opacity is calculated in the RPA scheme (g’ = 0.6) rather than in mean field (MF), see full red line. For the other
functional IU-FSU, convection lasts for a longer time and the drop (red dash-dot line) accordingly occurs at later
time, around 12 sec. This is in line with the larger symmetry energy slope, at least at supra-saturation density, which
produces a stronger stabilizing effect. In any case the shape of the counting rates as a function of time are different,
and they reflect the features of the symmetry energy in the two functionals. More quantitatively this is shown in the
insert, where the integrated luminosity at short time and at higher time, with respect to the total one, are reported
in a two-dimensional plot. A clear separation of the two functional is evident, see ref. [129] for details.. Without
convection the neutrino luminosity has again a different behaviour.
3.4. Imprint of the Symmetry Energy on Gravitational Wave emission.
The field of ”gravitational-wave astronomy” has recently become reality thanks to the first ever detected gravita-
tional wave (GW) by the Laser-Interferometer-Gravitational-Wave Observatory (LIGO) [131], successively confirmed
by an additional observation [132]. In both cases, the signal seems to be originated by a binary black hole merger,
but it can be expected that similar signals could come also from NS binary mergers. In this case the EOS and the
symmetry energy can be strongly involved [133]. The GW astrophysics is in its infancy, but its development will
be of enormous relevance for our knowledge of the Universe and the phenomena that can occur, as well as of their
fundamental laws. This is an exciting prospect, because gravitational-wave observations have the potential to probe
several aspects of neutron star physics [134]. Moreover, the information gleaned will be complementary to electro-
magnetic observations, thus providing constraints on the state of matter at extreme densities. Neutron stars radiate
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Figure 18. (Color online) Neutrino luminosity from a proto-neutron star as a function of time. Three cases are considered : no convection with the
functional GM3 with short range correction, convection regime from the functional GM3 (with and without short range correction), and convection
from the functional IU-FSU with short range correction. The drops of luminosity along the different curves at different times correspond to the
onset of convection. In the insert additional characterization of the different luminosity curves are displayed, see the text. Figure from ref. [129].
gravitationally in a number of ways. The most promising scenarios involve oscillations and instabilities, binary inspi-
ral and merger, core-collapse supernovae and hot remnants, rotating deformed neutron stars [136]. They are briefly
discussed below.
Neutron stars have rich oscillation spectra which, if detected, could allow us to probe the internal composition.
The basic strategy for such “gravitational-wave asteroseismology” has been set out in ref.[137], but neutron stars
models need to be made much more realistic if the method has to be used in practice. An extensive discussion of this
issue is presented in ref.[135], where using several different EoS for neutron star matter the frequencies and damping
times of the quasinormal modes are calculated. As an example, we show in Fig.19 the frequency of the fundamental
mode as a function of the neutron star mass, for different choices of the equation of state [135]. Purely nucleonic EOS
(labelled APR2[138], BBS1[139]), including hyperons (BBS2[139], G240[140]) or a hadron-quark phase transition
(APRB200[141], APRB120[142]) were considered, along with models of strange stars (SS1, SS2[143]).
We notice that the BBS1 and APR2 EOS, which are based on different many-body technique, yield appreciably
different f-mode frequencies, likely due to the different treatment of three-nucleon interactions [144]. The transition to
hyperonic matter, predicted by the BBS2 model, produces a sizeable softening of the EOS, thus leading to stable NS
configurations of mass smaller than 1.4 M. As a consequence, the corresponding f-mode frequency is significantly
higher than those obtained with the other EOS. So much higher, in fact, that its detection would provide evidence of
the presence of hyperons in the NS core. It is also interesting to compare the f-mode frequencies corresponding to
models BBS2 and G240 , as they both predict the occurrence of hyperons but are obtained from different theoretical
approaches. The behavior of the oscillation frequency ν f displayed in Fig.19 directly reflects the relations between
mass and central density obtained from the two EOS, larger frequencies being always associated with larger densities.
Finally, we notice that the presence of quark matter in the star inner core (EOS APRB200 and APRB120) does not
seem to significantly affect the pulsation properties of the star. This is a generic feature, which we observe also in
the p- and w- modes behaviour. On the other hand, strange stars models (SS1 and SS2) correspond to values of
frequencies well above those obtained from the other models. The peculiar properties of these stars largely depend
upon the self-bound nature of strange quark matter.
In any case it has to be noticed that the connection with the symmetry energy at high density is indirect, since the
EOS for the NS matter largely depends on the behavior of the symmetry energy.
A further scenario for GW emission is the birth of a proto-neutron star (PNS) in a core-collapse supernova. This
is a very difficult phenomenon to model, since it requires not only accurate descriptions of the microphysics of the
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Figure 19. (Color online) The frequency of the fundamental mode is displayed as a function of the mass of the star for several choices of the EOS.
For the the meaning of the labels and corresponding references, see the text. Figure taken from ref. [135].
collapsing matter, but also of the violent dynamical processes occurring in the contracting-exploding star, which
need to be treated in the framework of general relativity. The description of the subsequent PNS evolution is also
challenging, because a PNS is a hot and rapidly evolving object. Thus, most simulations of gravitational core collapse
to a PNS end shortly after the core bounce and the launch of the supernova explosion-typically after a few hundreds
of milliseconds-and only a few dynamical simulations extend to the first minute of the PNS life. In this latest phase
of the PNS life, the evolution is quasistationary and the frequencies of the PNS quasinormal modes of oscillation are
associated to gravitational wave signals with sizeable amplitudes. It turns out [145] that those frequencies are lower
than those typical of mature neutron stars, and this would favour their detection by ground-based interferometers
LIGO/Virgo and their future version, the Einstein Telescope [146].
Also NS mergers may yield information about the nuclear EoS, because the dynamics of the coalescence depend
sensitively on the behaviour of high-density matter [149, 150]. The merger of NS is a consequence of gravitational
wave emission, which extracts energy and angular momentum from the binary and thus forces the binary components
on inspiraling trajectories. The sources that are more likely to be detected are, in particular, the inspiral and post-
merger of NS binaries or NS-black hole binaries, and binary black holes. In particular, binary neutron star (BNS)
mergers are widely considered to be the most common source, with an expected detection rate of ≈ 40 yr−1 [151] .
In their pioneering works, Bauswein and Janka [152, 153] showed that it is possible to extract information about
the EOS of nuclear matter from the analysis of the spectral properties of the post-merger signal. Using a set of
many different equations of state, they pointed out the presence of a peak at high-frequency in the spectrum (labelled
fpeak), and showed a tight correlation with the radius of the maximum-mass non-rotating configuration. It was later
recognized that fpeak corresponds to a fundamental fluid mode with m = 2 of the hypermassive NS, formed by the
merger, and that the information from this frequency could also be used to set constraints on the maximum mass of the
system and hence on the EOS. Recently, the authors of ref.[147] found that the post-merger emission is characterized
also by a low-frequency peak, which is related to the total compactness of the stars in the binary. An example of the
expected signals is displayed in Fig.20, which collects all waveforms for the equal-mass models with nuclear-physics
EOSs. Each row refers to a given EOS, while each column indicates a given initial mass, and the different EOSs
are distinguished by different colors. Some features are common among the different signals, e.g., the pre-merger
signal and the post-merger one are in frequency ranges that are considerably different. This is not surprising given the
significant difference in compactness in the system before and after the merger.
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Figure 20. (Color online) Gravitational waveforms for all the binaries with equal masses and nuclear-physics EOSs. Each row refers to a given
EOS, while each column corresponds to a given initial mass. Different colors indicate different EOS. Taken from ref.[147].
We notice that the analysis illustrated above aims at exploring the dependence of the GW signal on the equation of
state. To our best knowledge, the dependence on the symmetry energy has been studied only in ref.[148, 154]. Using
a set of model EOSs satisfying the latest constraints from terrestrial nuclear experiments, modern nuclear many-body
calculations of the pure neutron matter EOS, and astrophysical observations consistently, the authors of ref.[148, 154]
study various GW signatures of the high-density behaviour of the nuclear symmetry energy. In particular, they find
the tidal polarizability of NS, potentially measurable in binary systems just prior to merger, is a very sensitive probe
of the high-density component of the nuclear symmetry energy, more than the symmetry energy at nuclear saturation
density. We remind the reader that the tidal deformation NS undergo as they approach each other prior to merger,
may be effectively described through the tidal polarizability parameter λ [155] defined via Qi j = −λEij , where Qi j is
the induced quadrupole moment of a star in binary, and Eij is the static external tidal field of the companion star. The
tidal polarizability can be expressed in terms of the dimensionless tidal Love number k2 and the neutron star radius
R as λ = 2k2R5/(3G), being the Love number solution of a system of first-order differential equations where the EoS
is the only input [156]. Using two classes of nuclear EOS within the relativistic mean field (RMF) model and the
Skyrme Hartree-Fock (SHF) approach, the authors of ref.[148] found that for coalescing binaries consisting of two
massive neutron stars with equal masses, the tidal polarizability λ is rather insensitive to variations of L within the
constrained range, but it changes up to ±10% with the nuclear compressibility and the nucleon effective mass. On the
other hand, the L parameter affects significantly the tidal polarizability of neutron stars with M ≤ 1.2M. In Fig.21
the tidal polarizability λ is reported as a function of neutron-star mass for the adopted EOSs, which are different only
in their predictions for the nuclear symmetry energy above about 1.5ρ0, and this lead to significantly different λ values
in a broad mass range from 0.5M to 2M. The question comes up whether the Advanced LIGO-Virgo detector
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Figure 21. (Color online) Tidal polarizability λ of a single neutron star as a function of neutron-star mass for several EOS which differ in the L.
The shaded light-grey (dark-grey) area represents a crude estimate of uncertainties in measuring λ for equal mass binaries at a distance of D = 100
Mpc for the Advanced LIGO detector (Einstein Telescope). Taken from ref.[148].
may potentially measure the tidal polarizability of binary neutron stars. As an example, we report uncertainties in
measuring λ for equal-mass binaries at an optimally oriented distance of D = 100Mpc [151], shown in Fig.21 for the
Advanced LIGO-Virgo detector (shaded light-grey area) and the Einstein Telescope (shaded dark-grey area). We see
that the Advanced LIGO-Virgo detectors’ sensitivity for stars of mass 1.4M and below is at the limit for discerning
between high-density symmetry energy behaviours. On the other hand, the narrow uncertain range for the proposed
Einstein Telescope will enable to tightly constrain the symmetry energy especially at high densities.
3.5. Summarizing and Prospects.
In this section we have considered the relevance of the nuclear symmetry energy in the astrophysical context. We
have not touched the wide area of the nucleosynthesis problem. In this field the role of symmetry energy is only quite
indirect. It is involved in the predictions of exotic nuclei binding energy, not reachable in laboratory, and the reaction
rate of slow and fast processes.
More direct is the influence of the symmetry energy on the structure and dynamics of compact objects like Neu-
tron Stars and Supernovae. We analyzed from this point of view the whole structure of NS, from the crust to the core.
Transient phenomena, like deep crustal heating and data on QLMXRB and X-ray busters will surely shade further
light on the structure of the crust and therefore on the symmetry energy. Despite the model dependence, data analysis
on NS oscillations can give access to the composition of the crust and then on the symmetry energy. The maximum
mass of NS is a basic question that can be decisive for the constraints one can put on the nuclear matter EOS and the
corresponding symmetry energy. In Supernovae the most spectacular advances can come from the neutrino observa-
tories. There can be little doubt that future improvements on the sensitivity of the detectors and on the accuracy of the
simulations will be able to provide basic and detailed insights on the initial evolution of supernovae and the properties
of the nuclear EOS and it symmetry energy.
We have also considered the field of gravitational waves (GW). The first detected GW [131] seem to be origi-
nated by binary black hole mergers, but it can be expected that similar signal could come from NS binary mergers.
In this case the EOS and the symmetry energy can be strongly involved [133]. The GW astrophysics is in its in-
fancy, but its development will be of enormous relevance and opens a new window in the observational astrophysics,
complementary to the other methods based on different signals, like electromagnetic waves and neutrinos.
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4. Symmetry energy in heavy ion collisions.
The density dependence of the symmetry energy can be explored in laboratory with heavy ion collisions. Its
advantage is that by choosing different collision systems, incident energies and impact parameters, one can access
different densities and asymmetries of nuclear matter, and study the momentum dependence of the nuclear interaction.
In the energy range from the Fermi energy to about 150 MeV per nucleon, the collision dynamics proceeds through the
formation of a hot, compressed participant region, followed by an expansion where the decomposition into fragments
with the emission of light clusters is the main decay mode. This allows to obtain information on the properties of the
nuclear symmetry energy, since the forces resulting from such a compression and the following expansion determine
the motion of ejected matter. A number of observables have been identified as sensitive to the nuclear symmetry
energy. One is the pre-equilibrium emission of nucleons and light fragments in the initial stages of the collision,
which depends directly on the neutron/proton potentials. To enhance the sensitivity to the nuclear symmetry energy
one considers ratios or differences of observables of isobaric pairs of particles, such as yields of neutrons to protons,
tritons to 3He, or pi− to pi+.
In this section we first give a sketch of the main features of heavy ion collisions and the constraints on the nuclear
EOS that is possible to device from the experimental data. Then we will consider different aspects of the symmetry
energy that appear in heavy ion collision experiments and analysis.
4.1. Constraints on the EoS.
The asymmetric nuclear matter EOS can be expanded around saturation according to
E
A
(ρ, β) =
E
A
(ρ, 0) + S N(ρ)β2 (69)
=
E
A
(ρ0) +
1
18
K0 e2 +
[
S 0 − 13 Le +
1
8
Ksyme2
]
β2
where E(ρ, 0) is the binding energy for symmetric nuclear matter, e = (ρ − ρ0)/ρ0, K0 is the incompressibility at the
saturation point
K0 = k2F
d2E/A
dk2F
 , (70)
β is the asymmetry parameter, see Eq.(1), and the other parameters have been introduced in Eq.(5). Significant
constraints for the term E(ρ, 0) in the range 1 ≤ ρ/ρ0 ≤ 4.5 have been obtained from measurements of collective flow
[98] in heavy ion collisions (HIC) at energies ranging from few tens to several hundreds MeV per nucleon (hereafter
indicated as MeV/A). The main goal has been the extraction from the data of the gross properties of the nuclear EoS. It
can be expected that in heavy ion collisions at large enough energy nuclear matter is compressed and that, at the same
time, the two partners of the collisions produce flows of matter. In principle the dynamics of the collisions should
be connected with the properties of the nuclear medium EoS and its viscosity. In the so called ”multifragmentation”
regime, after the collision numerous nucleons and fragments of different sizes are emitted, and the transverse flow,
which is strongly affected by the matter compression during the collision, can be measured.
Based on numerical simulations, in reference [98] a phenomenological range of densities was proposed where any
reasonable EoS for symmetric nuclear matter should pass through in the pressure vs. density plane. The plot is repro-
duced in Fig.22, where the green dashed box represents the results of the numerical simulations of the experimental
data discussed in Ref.[98]. In ref.[108] it was found that most of the currently used EoS derived within microscopic
approaches are compatible with the experimental data. The meaning of the labels can be found in the original paper.
In Fig.22 the brown filled region represents the experimental data on sub-threshold kaon production obtained by
the KaoS [157] and FOPI [158] collaborations. The optimal energy for this type of investigation is close or even below
two-body threshold, since then the only way to produce the kaons is by compression of the matter. Since at threshold
the production rate increases steeply, there is a strong sensitivity to the value of the maximum density reached during
the collision, and this is an ideal situation for studying the EoS and its incompressibility. The comparison of the
simulations with the experimental data on K+ production points in the direction of a soft EoS [91]. However it has to
be kept in mind that, in the simulations, kaon production occurs at density ρ ≥ 2 − 3ρ0, and therefore this set cannot
be directly compared to the one of the monopole oscillations. In any case, a stiff EoS above saturation seems to be
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Figure 22. (Color online) Pressure as a function of baryon density for symmetric nuclear matter. The green dashed box represents the boundary
obtained from the numerical simulations for the experimental data discussed in Ref.[98]. The brown filled region represents the experimental data
on sub-threshold kaon production obtained by the KaoS [157] and FOPI [158] collaborations. The EOS of nuclear matter is constrained to pass
through both filled regions. Some theoretical EOS are reported, following ref. [108], from where the figure was taken. The meaning of the labels
for each EOS can be found in that reference.
excluded from this analysis, as it is evident in Ref. [91]. This is in agreement with the values extracted from the
phenomenology of monopole oscillations [36]. One finds indeed that a correlation exists between incompressibility
and position of the monopole Giant Resonance, so that, in principle it is possible to extract from the experimental
data the value of the incompressibility in nuclear matter. At present, the constraints on the value of the nuclear matter
incompressibility from the monopole excitation are not so tight. It can be approximately constrained between 210 and
250 MeV [35], though a more refined value can be expected to come out in the near future from additional analysis of
phenomenological data.
4.2. Symmetry term in heavy ion collisions
The knowledge of the equation of state for asymmetric nuclear matter beyond saturation density still remains poor.
The symmetry energy reflects this uncertainty, as found in the different predictions of modern microscopic many-body
theories [108].
In the transport theories, widely used for interpreting HIC, effective interactions, associated with a given EOS,
are usually employed as an input of the transport code, and from the comparison with experimental data one can
get some hints on nuclear matter properties. The usual way of treating the symmetry term is to split it into two
contributions, i.e. a kinetic contribution coming directly from the basic Pauli correlations, and a potential contribution
from the properties of the isovector part of the effective nuclear interactions in the medium. Since the kinetic part can
be exactly evaluated, one can separate the two contributions, reducing the discussion just to a function F(u) of the
density u ≡ ρ/ρ0 linked to the interaction:
sym(ρ) ≡ EsymA (ρ) =
F(ρ)
3
+
C
2
F(u), (71)
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with F(1) = 1, F(ρ) is the Fermi energy, F = ~
2
2m
(
3pi2ρ
2
)2/3
, and the parameter C is of the order C ' 32 MeV, chosen
in order to reproduce the symmetry term of the Bethe-Weisza¨cker mass formula. The choices of the F(u) behavior
are not arbitrary, and reflect the wide spectrum of theory predictions for effective forces in the isovector channel. For
instance, F(u) = const = 1 (around saturation density) is typical of Skyrme-like forces, whereas F(u) =
√
u behavior
is obtained in variational approaches with realistic NN interactions [138]. Moreover, the linear dependence F(u) = u is
found in non-relativistic Brueckner-Hartree-Fock (BHF) [159] as well as in Relativistic Mean Field (RMF) [160] and
Dirac-Brueckner-Hartree-Fock (DBHF) [161] approaches. A stiffer symmetry term in general enhances the pressure
gradient of asymmetric matter, and therefore one can expect direct effects on the nucleon emissions in the reaction
dynamics, fast particles and collective flows.
In the following we elaborate more on the isospin dependence of the Skyrme-like effective interactions [162],
since in this report we will often show results on heavy-ion collisions obtained from non-relativistic kinetic equations
with Skyrme forces. For instance, let us consider a simplified Skyrme-like effective interaction [163], see also Eq.
(27) :
Vi j = t0(1 + x0Pσ)δ(ri − r j) + 16 t3(1 + x3Pσ)
[
ρ
(ri + r j
2
)]σ−1
δ(ri − r j) (72)
where Pσ = 12 (1 − σ1 · σ2) is the spin exchange operator. If we impose the correct value of the saturation density
and binding energy, and an incompressibility value equal to K = 200 MeV, we obtain the following values for the
coefficients, i.e., t0 = −2973 MeV fm3, t3 = 19034 MeV fm3σ, x0 = 0.025, x3 = 0, and σ = 76 . This parametrization
can be considered as a simplified Skyrme SkM* force with effective mass m∗ = m. The interaction contribution to the
energy density functional can be expressed under the form :
Epot(ρ, β) = A2
ρ2
ρ0
+
B
σ + 1
ρσ+1
ρσ0
+
C(ρ)
2
β2ρ2
ρ0
(73)
where ρ0 = 0.16 fm−3 is the saturation density of nuclear matter and the coefficients A, B and C in the energy density
functional (73) are related to the Skyrme parameters as :
A =
3
4
t0ρ0, B =
σ + 1
16
t3ρσ0 , C(ρ) = −
1
2
ρ0
[
t0(x0 +
1
2
) +
t3
6
(x3 +
1
2
)ρσ−1
]
(74)
The coefficient C in eqs.(74) at saturation density is related to the symmetry coefficient in the Weisza¨cker mass formula
:
asym =
1
2
∂2(E/A)
∂β2
∣∣∣∣
β=0
=
F
3
+
C(ρ0)
2
(75)
where F is the Fermi energy. With the considered parametrization F = 37 MeV and C(ρ0) = 31.3 MeV, Eq.(75)
gives the standard value of the symmetry coefficient in the mass formula asym = 28 MeV. From asym provided by the
Bethe-Weisza¨cker formula we notice that the kinetic contribution represents less than one half, the remaining part
being a consequence of the properties of the nucleon-nucleon interaction.
At the same time, we can calculate the mean-field potentials for protons and neutrons as functional derivatives of
Epot with respect to the proton (neutron) density :
Up =
δEpot
δρp
= A
ρ
ρ0
+ B
(
ρ
ρ0
)σ
−C(ρ) ρi
ρ0
+
1
2
dC(ρ)
dρ
ρ2i
ρ0
(76)
Un =
δEpot
δρn
= A
ρ
ρ0
+ B
(
ρ
ρ0
)σ
+ C(ρ)
ρi
ρ0
+
1
2
dC(ρ)
dρ
ρ2i
ρ0
(77)
The mean fields are one of the main ingredients of the transport theory widely used to interpret HIC. The transport
theory describes the temporal evolution of the one-body phase-space distribution function f (r,p, t) under the action of
a mean field potential U(r,p), possibly momentum dependent, and 2-body collisions with the in-medium cross section
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σ(Ω). In a non-relativistic approach it reads
d fi
dt
=
∂ fi
∂t
+
pi
m
∇(r) fi − ∇(r)Ui(r,p)∇(p) fi − ∇(p)Ui(r,p)∇(r) fi = I (78)
I =
∑
j,i′, j′
∫
dpjdpi′dpj′vi jσi, j→i′ j′ (Ω) δ(pi + pj − pi′ − pj′ )
× [(1 − fi)(1 − f j) fi′ f j′ − fi f j(1 − fi′ )(1 − f j′ )] (79)
In this expression, f (r,p, t) can be viewed semi-classically as the probability of finding a particle, at time t, with
momentum p at position r. The indexes (i, j, i’,j’) run over neutrons and protons, such that these are coupled equa-
tions via the collision term I and indirectly via the potentials. The average (mean field) potential U is computed
self-consistently using the distribution functions f (r,p, t) that satisfy Eq.(79). The collision integral I governs the
modifications of f (r,p, t) by elastic and inelastic two body collisions caused by short-range residual interactions
[164, 165]. Therefore the motions of particles reflect a complex interplay between such collisions and the density and
momentum dependence of the mean fields. If the production of other particles is considered, like mesons, these have
their own transport equations coupled through the corresponding inelastic cross sections. We notice that mean fields
and cross sections should be related through a theory for the in-medium effective interaction, like e.g. Brueckner
theory, but this is not necessarily done in many applications. The isospin effects enter via the differences in neutron
and proton potentials and the isospin dependent cross sections, but they are always small relative to the dominant
isoscalar effects. Thus one often resorts to differences or ratios of observables between isospin partners, in order to
eliminate as much as possible the uncertainties in the isoscalar part.
Several transport models have been developed in the past years, and most of them can account reasonably well for
many characteristic properties experimentally observed. We mention FMD [166], AMD [167, 168, 169], CoMD[170],
ImQMD [171], QMD [172], BNV [173], SMF [174], BUU [175] among others.
4.3. Constraints on the symmetry energy at sub-saturation density.
Since large variations in nuclear density can be attained momentarily in nuclear collisions, constraints on the
EoS can be obtained by comparing measurements to transport calculations of such collisions. The symmetry energy
has been recently probed at sub-saturation densities via double ratios involving neutron and proton energy spectra
[176] and isospin diffusion [177, 178, 179]. These two observables largely reflect the transport of nucleons under the
combined influence of the mean fields and the collisions induced by residual interactions. Additional experimental
observables used to constrain the symmetry energy at sub-saturation density are : transverse collective flow of light
charged particles [180], ratio of fragments yields and isoscaling [181, 182], cluster formation at very low densities
[183, 184]. They will be discussed in more details in the following subsections.
4.3.1. Neutron/proton double ratio
We first concentrate on the interpretation of neutron/proton double ratio data, which derives its sensitivity to the
symmetry energy from the opposite sign of the symmetry force for neutrons as compared to protons [185]. First
experimental comparisons of neutron and proton spectra in ref.[176] used a double ratio in order to reduce sensitivity
to uncertainties in the neutron detection efficiency and to relative uncertainties in energy calibrations of neutrons and
protons. The double ratio is defined as
DR(Y(n)/Y(p)) = Rn/p(A)/Rn/p(B)
=
dMn(A)/dEc.m.
dMp(A)/dEc.m.
· dMp(B)/dEc.m.
dMn(B)/dEc.m.
(80)
and was constructed by measuring the energy spectra, dM/dEc.m., of neutrons and protons for two systems A and B
characterized by different isospin asymmetries. The green stars in Fig.23, left panel, represent the measured double
ratios at 70o ≤ θc.m. ≤ 110o as a function of center-of-mass (c.m.) energy of nucleons emitted from the central
collisions of 124Sn +124 Sn and 112Sn +112 Sn at E/A=50 MeV [178]. That data set had an impact parameter over
a range 1 f m ≤ b ≤ 5 f m. The lines show the results of the simulations performed within the improved quantum
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Figure 23. (Color online) Left panel: Comparison of experimental neutron-proton ratios (green stars) vs. the nucleon center-of-mass energy with
calculations performed with the improved quantum molecular dynamic model (lines) for the impact parameter 1 f m ≤ b ≤ 5 f m and several values
of γi. The parameter γi is the exponent in Eq. (81), which describes the density dependence of the symmetry energy. Right panel: χ2 analysis as a
function of γi. Figure taken from ref. [178].
molecular dynamics (ImQMD) model, using different values of γi. We remind the reader that the symmetry energy
used in the numerical simulations is usually parametrized as
S (ρ) =
Cs,k
2
(
ρ
ρ0
)2/3
+
Cs,p
2
(
ρ
ρ0
)γi
(81)
with Cs,k = 25 MeV, Cs,p = 35.2 MeV, and the symmetry energy at saturation S0 = 30.1 MeV. The exponent
γi indicates the stiffness of the potential symmetry energy, which is then termed as asy-soft or asy-stiff. Several
calculations are shown for different values of γi in the range 0.35 ≤ γi ≤ 2, but the optimal value turns out to be
around γi = 0.7, as shown also in the right panel of Fig.23 where the χ2 analysis computed from the difference
between predicted and measured double ratios is shown.
Additional data have been recently published in ref.[186], and they are shown in Fig.24. The black dots in Fig.24
represent the recently measured double ratios at 70o ≤ θc.m. ≤ 110o as a function of center-of-mass (c.m.) energy of
nucleons emitted from the central collisions of 124Sn +124 Sn and 112Sn +112 Sn at E/A=50 MeV (upper panel) and
E/A=120 MeV (lower panel). Previous double ratio data from ref.[178] are displayed as green stars in the upper panel.
Considering both statistical and systematic uncertainties, the new data set is statistically more precise than the previous
one, and is consistent with ref.[178], except at the lowest energy data point. Detailed comparison of the neutron and
proton data of the two experiments seems to indicate that the difference lies in the free neutron data, where hardware
problems in the previous experiment required large systematic corrections to the neutron spectrum. The filled regions
indicate the ranges predicted by the ImQMD simulations performed with two different Skyrme forces, i.e. the SkM∗
[187] and SLy4 [188] parametrizations. The data at 120 MeV/u lie between the SLy4 and SkM* calculations, whereas
the data at 50 MeV/u generally agree with the SLy4 calculations better than with the SkM* calculations.
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Figure 24. (Color online) Neutron to proton double ratio for S n + S n collisions at 50 MeV/A (a) and 120 MeV/A (b). Taken from ref.[186].
The adopted Skyrme forces are characterized by a different momentum dependence of the nucleonic mean-field
potential, and this can be approximated by replacing bare nucleon masses by effective masses. Differences between
the neutron and proton effective masses strongly influence the isovector contributions contained in the symmetry
mean-field potentials. Microscopic calculations performed in the non-relativistic Brueckner-Hartree-Fock approach
[189, 190] have predicted that m∗n > m∗p in neutron rich matter while relativistic mean field (RMF) [191, 192] and
other calculations using relativistic Dirac-Brueckner approach[193, 194, 195, 196, 197] predict that m∗p > m∗n . Large
uncertainties do exist in the analyses of nucleon-nucleus elastic scattering, which prefers m∗n > m∗p [198]. Hence, the
sign and magnitude of the effective mass splitting are not well constrained.
Central collisions of neutron-rich nuclei represent the ideal environment where to study the effective mass splitting.
In fact, transport model calculations predict that fast neutrons from the compressed participant region will experience
a more repulsive potential and a higher acceleration for m∗n < m∗p than do fast protons at the same momentum, resulting
in an enhanced ratio of neutron over proton (n/p) spectra at high energies. In contrast, calculations for m∗n > m∗p predict
that the effective masses enhance the acceleration of protons relative to neutrons resulting in a lower n/p spectral ratio
[199]. In the case reported in Fig.24 the data lie between the SLy4 and SkM* calculations at high center-of-mass
energy, but they are generally well reproduced by SLy4 EoS at energies below 50 MeV. We remind that SLy4 and
SkM* Skyrme potentials have similar S 0, L but opposite mass splitting at saturation density. Therefore, this suggests
that the sign of the effective mass splitting is the one proposed by the Sly4 EoS, i.e. m∗n < m∗p but its magnitude can
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be even smaller than for the SLy4 mean field. Moreover, such a large reduction m∗p < m∗n as proposed in the SkM*
can be ruled out. As shown in Fig.24, however, these calculations do not accurately reproduce all aspects of the data,
indicating the need for a throughout evaluation of the theoretical uncertainties in these tentative constraints.
This conclusion is in contradiction with the analyses reported in ref.[200], where the current data on Esym(ρ0) and
L(ρ0), as derived from various terrestrial nuclear laboratory experiments and astrophysical observations, were used
to put constraints on the effective mass splitting. However, in ref.[200] it was shown that while the mean values in
most analyses are rather consistent and point toward m∗n > m∗p at saturation density, it is currently not possible to
scientifically state surely that m∗n > m∗p within the present knowledge of the uncertainties. Another analysis [201]
of the same data using the IBUU11 transport model found that indeed the assumption of m∗n < m∗p leads to a higher
neutron/proton ratio although the underlying symmetry potential disagrees with the constraints from optical model
analyses of nucleon-nucleus scattering data. This situation clearly calls for more detailed theoretical studies of the
free neutron/proton ratio with different transport models and consider possibly new mechanisms, such as effects of
the short-range nucleon-nucleon correlations on the symmetry energy [202]. A complete discussion on this issue has
been recently published in [203].
4.3.2. Isospin diffusion
In a heavy-ion collision involving a projectile and a target with different proton fractions, Z/A, the symmetry
energy tends to propel the system toward isospin equilibrium so that the difference between neutron and proton
densities is minimized [204]. The isospin asymmetry δ = N−ZA of a projectile-like residue produced in a peripheral
collision reflects the exchange of nucleons with the target; significant diffusion rates should lead to residues with
larger isospin asymmetries for collisions with neutron-rich targets and smaller isospin asymmetries for collisions with
proton-rich targets. To isolate the isospin diffusion effects from similar effects caused by pre-equilibrium emission,
Coulomb, or sequential decays, relative comparisons involving different targets are important. In recent studies,
isospin diffusion has been measured by comparing A + B collisions of a neutron-rich (A) nucleus and a proton-rich
(B) nucleus to symmetric collisions involving two neutron-rich nuclei (A + A) and two proton-rich (B + B) nuclei
under the same experimental conditions [177]. Non-isospin diffusion effects such as pre-equilibrium emission from
a neutron-rich projectile should be approximately the same for asymmetric A + B collisions as for symmetric A + A
collisions. Similarly, non-isospin diffusion effects from a proton-rich projectile in B+ A collisions and B+ B collisions
should be the same. The degree of isospin equilibration can be quantified by rescaling the isospin asymmetry δ of a
projectile-like residue from a specific collision according to the isospin transport ratio Ri(δ)
Ri(δ) = 2
δ − (δA+A + δB+B)/2
δA+A − δB+B (82)
In the absence of isospin diffusion, the ratios are Ri(δA+B) = Ri(δA+A) = 1 and Ri(δB+A) = Ri(δB+B) = −1. If isospin
equilibrium is achieved, then Ri(δA+B) = Ri(δB+A) ≈ 0 for the mixed system. By focusing on the differences in isospin
observables between mixed and symmetric systems, Ri(δ) largely removes the sensitivity to pre-equilibrium emission
and enhances the sensitivity to isospin diffusion.
Ideally, one would like to know the asymmetry of the projectile-like residue immediately after the collision and
prior to secondary decay because this is the quantity that is calculated in transport theory [177]. To do this, one can
measure an observable X that is linearly dependent on the residue asymmetry, i.e., X = a · δ + b, and construct the
corresponding isospin transport ratio Ri(X)
Ri(X) = 2
X − (XA+A + XB+B)/2
XA+A − XB+B (83)
where X is the isospin observable. After some algebra, one gets Ri(δ) = Ri(X). As experimental observables, the
authors of ref.[177] focus on features of the isotopic yields Y j(N,Z) of particles measured for reaction ” j” at y/ybeam ≥
0.7. Here, N and Z are the neutron and proton numbers for the detected particles. They found that ratios of isotopic
yields R21(N,Z) = Y2(N,Z)/Y1(N,Z) for a specific pair of reactions, with a different total isotopic composition, follow
the isoscaling relationship
R21(N,Z) = C exp(αN + βZ) (84)
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where α, β and C are the isoscaling parameters, obtained by fitting the isotope yield ratios to Eq.(84). The above
idea has been adopted to study the isospin diffusion involving two asymmetric collisions 124Sn +112 Sn (A + B) and
112Sn +124 Sn (B + A), and two symmetric collisions, i.e. 124Sn +124 Sn (A + A) and 112Sn +112 Sn (B + B). Because
there are no isospin differences between identical projectiles and targets, the symmetric collisions are used to establish
diffusion-free baseline values for the measured and predicted observables. The asymmetric collisions, on the other
hand, have the large isospin differences needed to explore the isospin diffusion. In Fig.25 the left panel displays
the measured values for R21(N,Z) when using 124Sn +124 Sn collisions as reaction 2 and 112Sn +112 Sn collisions as
reaction 1 in Eq.(84). The fits to Eq.(84) are represented by the solid and dashed lines. In the right panel of Fig.25,
we plot the best fit values for the isoscaling parameter α versus the overall isospin asymmetry of the colliding system
δo = (No − Zo)/(No + Zo) where No and Zo are the corresponding total neutron and proton numbers. The solid and
open points represent data for 124Sn and 112Sn projectiles, respectively. In general, the isoscaling parameter increases
with the overall isospin asymmetry δo, while the overall trend indicates that isospin equilibrium is not achieved in
the asymmetric reaction systems. A complete discussion on this point is reported in ref.[177]. In the same reference,
using α for X in eq.(83), |Ri(α)| ≈ 0.5 was found. This result was reproduced by simulations performed with the BUU
transport model with a stiff asymmetry term, but without momentum dependence, thus requiring additional analysis.
In Fig.26 ImQMD calculations of Ri(α) performed at impact parameters of b=5, 6, 7, and 8 fm are shown as lines,
whereas the experimental isospin transport ratios are displayed as shaded green boxes. We remind the reader that the
interaction component of the asymmetry term provides a contribution to the symmetry energy per nucleon of the form
Esym,int/A = Csym(ρ/ρ0)γi , where Csym is set to 12.125 MeV. The experimental boxes put serious constraints on the
exponent γi, which however depend on the choice of the symmetry energy at saturation density, and on L.
Figure 25. Left panel: Measured values for the ratio R21(N,Z) = Y124+124(N,Z)/Y112+112(N,Z) (points) of the isotopic yields for the indicated
reaction, and corresponding fits with Eq.(84) (lines). The solid line and points represent even Z=4, 6, 8 isotopes while the dashed lines and open
points represent odd Z=3, 5, 7 isotopes. Right panel: Best fit values for the parameter α of Eq. (84) as a function of the isospin asymmetry δo. The
reactions are labeled next to the data points. Solid (open) points denote 124S n (112S n) as the projectile. The lines guide the eye. Figure taken from
ref.[177].
In the right panel of Fig.26 it is shown that experimental isospin transport ratios obtained from isoscaling parame-
ters, α, and from yield ratios of A = 7 mirror nuclei, R7 = Ri(X7 = ln(Y(7Li)/Y(7Be))) are consistent, i.e. Ri(α) ≈ R7,
reflecting linear relationships between α, X7, and the asymmetry δ of the emitting source. Experimental isospin diffu-
sion transport ratios, R7, are plotted as green stars as a function of rapidity, and a χ2 analysis for the impact parameters
favors the region 0.45 ≤ γi ≤ 0.95 at b = 6 and 7 fm, thus favoring a moderately soft behavior of the symmetry energy.
This result has been confirmed [205] by the simulations obtained within the newly updated version of the Ultra-
relativistic quantum molecular dynamics (UrQMD) model [208] where the yield ratio between 3H and 3He clusters
emitted from central 40Ca+40 Ca, 96Zr+96 Zr, 96Ru+96 Ru, and 197Au+197 Au collisions in the beam energy range from
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Figure 26. (Color online) Left panel: Comparison of experimental isospin transport ratios (green boxes) to ImQMD results (lines), as a function of
impact parameter for different values of γi. Right panel: Comparison of experimental isospin transport ratios obtained from the yield ratios of A=7
isotopes (green stars), as a function of the rapidity to ImQMD calculations (lines) at b = 6 fm. Taken from ref.[178].
0.12 to 1 GeV/nucleon is studied, and compared with the recent FOPI data [209, 210]. In the UrQMD calculations
13 different Skyrme interactions have been used, all characterized by similar values of isoscalar incompressibility but
very different density dependences of the symmetry energy. It is found that the 3H/3He ratio is sensitive to the nuclear
symmetry energy at sub-saturation densities. Model calculations with moderately soft to linear symmetry energies are
in agreement with the experimental FOPI data, thus confirming the findings discussed above. The comparison between
simulations and FOPI data is shown in Fig.27, where the ratio 3H/3He is shown for several colliding systems and
different Skyrme forces adopted in the simulations. The calculated results are well separated due to an increasingly
stronger effect of the symmetry energy at sub-normal densities. We notice that calculations using both MSL0 and
Ska35s25, which represent a moderately soft to linear symmetry energy, reproduce the data fairly well. Although a
desirable tighter constraint to the density dependence of the symmetry energy is still not achieved here, partly due
to the large experimental uncertainties, a very satisfactory consistency among the presented comparisons is achieved.
This result is also consistent with previous results based on the elliptic flow of free nucleons (and hydrogen isotopes)
as a probe [211, 212, 213] which mainly provide information on the symmetry energy at supra-normal densities.
However, we remind the reader that there are still some puzzling inconsistencies among different simulation codes.
For example, in refs.[214, 215] two QMD-type model calculations showed that the yield of 3H calculated with a soft
symmetry energy is larger than that with a stiff one, while in refs.[216, 217] the isospin-dependent BUU (IBUU)
model calculations showed the opposite trend. In ref.[218], using the Gogny effective interaction in the IBUU model,
it was found that both, 3H and 3He yields, did not exhibit significant differences between the results for a soft and
a stiff symmetry energy. Given that, the sensitivity of the nuclear symmetry energy to the 3H/3He ratio is a subject
which needs to be further explored.
In any case, the value of the exponent γi is not well constrained. In ref.[219] a new method to fix the timescale
of intermediate mass fragments emission allowed to detect a process of isospin ”migration” towards the low density
region. The result of the data analysis favors a value of γi ≈ 1. On the other side, the yields of the mirror nuclei 7Li
and 7Be in collisions between Sn isotopes, with different neutron excess, was used [220] to study isospin diffusion.
The result favors a value γi ≈ 0.5.
4.3.3. Symmetry energy at subsaturation density and finite T
The symmetry energy of nuclear matter at finite temperature is a fundamental ingredient in the investigation of
astrophysical phenomena like supernovae explosions. As shown in ref.[221], the calculated density, electron fraction
and temperature profiles of a post core bounce collapse supernova display values accessible in near Fermi energy
heavy ion collisions [206]. The role of the cluster formation in the neutrino-sphere region (the region of last neutrino
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Figure 27. (Color online) 3H/3He ratio from central (b0 < 0.15) collisions at Elab = 400 MeV/nucleon as a function of neutron/ proton ratio of the
colliding system. The FOPI data are indicated as stars. Figure taken from ref. [205].
interaction) is of particular interest [222, 223], and is accessible in collisions of heavy ions at intermediate energies.
The experimental information is derived from heavy-ion collisions of charge asymmetric nuclei, where transient
states of different density can be reached, depending on the incident energy and the centrality of the collision. The
experimental investigations of low-density nuclear matter have utilized near Fermi energy heavy-ion collisions of 64Zn
on 92Mo and 197Au at 35 MeV per nucleon, to produce heated and expanded matter [206, 224, 225, 183, 184]. Cluster
production was studied using the 4pi multi-detector, NIMROD, at the Cyclotron Institute at Texas A&M University.
Yields of light particles produced in the collisions of 47A MeV 40Ar with 112Sn, 124Sn and 64Zn with 112Sn, 124Sn
were employed in thermal coalescence model analyses to derive densities and temperatures of the evolving emitting
systems. Experimental data were used to extract the symmetry free energy and the symmetry internal energy at
subsaturation densities and temperatures below 10 MeV. An extensive discussion on the methods to determine the
temperature and density regions actually sampled in the collision is reported in ref.[207]. In Fig.28 the internal
symmetry energy derived from the experimental data [206, 184, 183] in an expanded low-density region is compared
with the predictions of the relativistic mean field (RMF without clusters) and a quantum statistical (QS) approach
[226, 227, 228]. The temperature T varies in the interval 3-11 MeV. It is clearly seen that the quasiparticle mean-
field approach disagrees strongly with the experimentally deduced symmetry energy, while the QS approach gives a
rather good agreement with the experimental data, We remind the reader that the QS approach takes the formation of
clusters into account, at variance with the mean-field approach, and this leads to a significant increase of the symmetry
energy in the low-density region in contrast to the linear increase with density predicted by many mean-field motivated
models. In the low-density region, the symmetry energy turns out to be strongly depending on temperature.
We stress that the symmetry free energies of these systems were determined through isoscaling parameters deduced
from isotopic yields measured in two similar reactions with different isotopic composition. Recently, it has been shown
that symmetry free energy coefficients can be extracted from fragment yield data produced in Fermi-energy heavy-ion
collisions by employing quantum fluctuation analysis technique based on the Landau’s free energy approach [229].
The temperature- and density-dependent symmetry free energies turn out to be consistent with those derived from
isoscaling analyses.
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Figure 28. (Color online) Internal symmetry energy coefficients as a function of baryon density. Experimental results [206, 184] are compared to
results of QS model calculations. Taken from ref.[207].
4.4. Constraints on the symmetry energy at high density
The high-density behavior of nuclear symmetry energy is among the most uncertain properties of dense neutron-
rich matter. Its accurate determination has significant consequences in understanding not only the reaction dynamics
of heavy-ion reactions but also many interesting phenomena in astrophysics, such as the explosion mechanism of
supernova and the properties of neutron stars.
A big experimental effort has been devoted during the last few years to constrain the high-density symmetry energy
using various probes in heavy-ion collisions at relativistic energies. It still remains a challenge, however, to find
observables suitable for extracting information on the properties of the equation of state during the brief compression
phase. During the past decades an intense field of research has rapidly concentrated on collective flows and meson
production. Studies of flow and kaon production within the framework of transport theory have indeed demonstrated
that a soft EoS with compressibility K ≈ 230 MeV and momentum dependent interactions best describes the response
of symmetric nuclear matter to compression (see section above).
In the density regime exceeding saturation, the symmetry energy is still largely unknown. In fact phenomenologi-
cal forces are well constrained near or just below saturation but lead to largely diverging results if they are extrapolated
to higher densities [2, 230]. Microscopic many-body calculations with realistic potentials face the difficulty that three-
body forces and short-range correlations are not sufficiently well known at higher densities at which their importance
increases [144]. The need for experimental high-density probes is thus obvious, with the above-mentioned collective
flows and sub-threshold particle production as the main candidates.
A strong motivation for exploring the information contained in isotopic flows was provided by Bao-An Li [231],
who pointed to the parallels in the density-dependent isotopic compositions of neutron stars and of the transient
systems formed in collisions of neutron-rich nuclei as a function of the EoS input used in the calculation. A close
comparison allows to infer properties of these exotic astrophysical objects from data obtained in laboratory exper-
iments. However, the main difficulty is the comparatively small asymmetry of available nuclei. Symmetry effects
are, therefore, always small relative to the dominating isoscalar forces which one hopes will cancel in differences
or ratios of observables between isotopic partners. The observable proposed by Li is the so-called differential di-
rected flow which is the difference of the multiplicity-weighted directed flows of neutrons and protons, and describes
the rapidity dependence of the mean in-plane transverse momenta of observed reaction products. Besides that, also
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the elliptic flow has been studied with model calculations to test its usefulness as a probe of the stiffness of the
symmetry energy [232, 233, 234]. Elliptic flow relates to the azimuthal anisotropy of particle emissions, mainly
differentiating between predominantly in-plane emissions as recently observed in ultrarelativistic heavy-ion colli-
sions [235, 236, 237, 238] and the out-of-plane emissions or squeeze-out observed in the present regime of lower
energies as a consequence of the pressure build-up in the collision zone [239].
A data set to test these predictions has been available from earlier experiments of the FOPI/LAND Collaboration.
It was originally collected and shown to provide evidence for the squeeze-out of neutrons emitted in 197Au + 197Au
collisions at 400 MeV per nucleon [240, 241]. The capability of the Large Area Neutron Detector LAND [242] used in
these experiments of detecting neutrons as well as charged particles permitted the differential analysis of the observed
flow patterns in the form of flow ratios [243] or flow differences [244]. Both analyses favor a density dependence
between moderately soft and moderately stiff, consistent with the experiments made at sub-saturation density.
Densities of two to three times the saturation density may be reached on time scales of ≈ 10-20 fm/c in the central
zone of heavy-ion collisions at relativistic energies of up to ≈ 1 GeV/nucleon. The resulting pressure produces,
besides a collective outward motion of the compressed material, the excitation of ∆ resonances in hard nucleon-
nucleon scatterings, which leads to the production and subsequent emission of charged and neutral pi and K mesons.
The relative intensities of isovectors pairs of mesons depend directly on the proton-neutron content of the site where
they are produced, suggesting them as sensitive probes for the high density symmetry energy.
Whether meson production yields will become similarly useful for the same purpose is not so clear at present.
Measurements of K+/K0 production ratios have been performed by the FOPI Collaboration for the neutron-rich and
neutron-poor A = 96 systems 96Zr +96 Zr and 96Ru +96 Ru [245] at 1.53 GeV per nucleon. A significant sensitivity of
this observable to the chosen stiffness of the asymmetric EOS was expected from the calculations for infinite nuclear
matter. It diminished, however, by one order of magnitude when the calculations were performed for the actual heavy-
ion collisions studied in the experiment [246]. The measured double ratio is satisfactorily reproduced irrespective of
the choice made for the asymmetric EoS. An even more puzzling situation is encountered in the case of the pi−/pi+
yield ratios measured by the FOPI Collaboration at several energies up to 1.5 GeV per nucleon for 40Ca + 40Ca, 96Zr +
96Zr, 96Ru + 96Ru, and 197Au + 197Au [247] collisions. Theoretical analyses of this data set came to rather conflicting
conclusions, suggesting everything from a rather stiff to a super-soft behavior of the symmetry energy [248, 249, 250].
The hard interpretation of the meson data emphasizes the urgent need to improve the statistical accuracy beyond that of
the existing FOPI/LAND data set. The dedicated ASY-EOS experiment [251], aiming at measurements of collective
flows in collisions of 197Au + 197Au as well as of the 96Zr + 96Zr and 96Ru + 96Ru, was started in 2011 at the
GSI laboratory. The LAND [242] detector operated together with a subset of the CHIMERA [252] detector array
complemented with the KraTTA [253] additional detector, aiding in the measurement of the reaction plane orientation
and of the flow of light fragments.
Experimental data for the neutron-proton elliptic-flow difference (npEFD) and ratio (npEFR) have been obtained
and the corresponding model parameter dependence has recently been investigated in detail [213]. The effects of the
selected microscopic nucleon-nucleon cross-sections, of the compressibility of nuclear matter, of the optical potential,
and of the parameterization of the symmetry energy were thoroughly studied. For a detailed report see ref.[251]. In
Fig. 29, the explicit constraints on the density dependence of the symmetry energy obtained in this study from the
comparison of theoretical and experimental values of npEFD and npEFR are displayed (pink coloured band). For
comparison, the result of Ref. [243] is added (blue band). The two studies employ independent versions of the QMD
transport model (Tu¨bingen QMD vs. UrQMD), characterized respectively by parameterizations of isovector EoS
that differ : Gogny inspired (momentum dependent) vs. power-law (momentum independent). The constraints on
the density dependence of the symmetry energy obtained with these different ingredients are in agreement with each
other. By combining the two estimates, a moderately stiff to linear density dependence corresponding to a symmetry
energy parametrization with x = −1.0± 1.0 as stiffness parameter, is obtained. It indicates a somewhat faster increase
of the symmetry energy with density than what is extracted from nuclear structure and reactions for sub-saturation
densities.
5. Microscopic theory.
The phenomenological constraints on the symmetry energy and its features are based on fitting procedures on
experimental data. In semi-classical methods (LDM, DM, ETF) the symmetry energy and its slope are parameters
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Figure 29. (Color online) Constraints on the density dependence of the symmetry energy obtained from comparing theoretical predictions for
npEFD and npEFR to FOPI-LAND experimental data (pink region). The result of ref.[243] is also shown (blue band) together with the Gogny
inspired symmetry energy parametrization for three values of the stiffness parameter: x=-1 (stiff), x=0 and x=1 (soft).
that are extracted by fitting an extensive set of nuclear binding energy and other nuclear structure data, see Sec. 2.1.
Similarly, within the energy density functional method the parameters of the effective force or of the functional are
extracted by fitting mainly the binding energy throughout the mass table, see Sec. 2.2. Once the parameters are
fixed, one can calculate the whole density dependence of the symmetry energy. The same procedure is followed in the
analysis of data on heavy ion collisions, see Sec. 4, and on the astrophysical observational data, Sec. 3. Comparing the
results of different fits, with different forces or data, one can get an estimate of the uncertainty on the extracted values
of the symmetry energy. One could try to reduce the uncertainty relying on the microscopic many-body theory of
nuclear matter and finite nuclei. Unfortunately the theory is not so advanced to reduce the uncertainty in a conclusive
way. On the other hand the comparison of the theoretical predictions with the phenomenological constraints can be
of great value in establishing the microscopic structure of nuclear matter and nuclei. However the phenomenological
constraints could be biased by the limited flexibility of the considered models or forces, and therefore it is important
to keep the comparison only to the constraints that can be considered less model dependent as much as it is possible.
After the selection of the microscopic theories, the symmetry energy, with its density dependence, is well defined for
each theoretical model and it can be then extracted with some uncertainty. The aim of this analysis is to try to answer
to the following questions
1. How much the symmetry energy depends on the (realistic) NN force ?
2. What is the role of three-body forces ?
3. How relevant are the many-body correlations ?
4. How large is the resulting theoretical uncertainty ?
Before going to the selection procedure, we will give a short overview of the theoretical many-body schemes
included in the analysis, mainly for nuclear matter.
5.1. Theoretical model overview.
The goal of a theoretical many-body scheme is the calculation, as accurately as possible, of the ground state of
(asymmetric) nuclear matter starting from a realistic nuclear interaction. A realistic two-body force is assumed to be
able to reproduce the experimental phase shifts and deuteron data. Such a realistic force must contain a large enough
set of terms for the possible two-body operators, like tensor, spin-orbit, angular momentum square and so on, with the
proper isospin dependence. Several two-body forces have been developed along the years, with different operatorial
complexity and different theoretical background. One can distinguish mainly three categories of NN interaction.
One is based on the meson exchange model for the NN interaction, which suggests, in a direct or indirect way, the
form factors of each operatorial term. The family of chiral interactions is based on the expansion of the interaction,
besides the explicit one pion exchange term, in a series of point-like interactions whose form is suggested by the chiral
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symmetry of the underling QCD theory. The third class of interaction is quite restricted and includes the models for
the NN interaction which use explicitly the quark structure of the nucleons. Some of these interactions, covering all
three categories, will be mentioned in the sequel in connection with the nuclear matter EOS and the corresponding
symmetry energy.
Besides the two-body forces, it has been established, at least in a non-relativistic approach, that three-body forces
are necessary to reach agreement with basic phenomenological data like the saturation point of symmetric nuclear
matter. Later we will briefly discuss some of the three-body forces that have been introduced in the theory of nuclear
matter EOS.
The microscopic many-body methods that will be considered are the Bethe-Brueckner-Goldstone (BBG) expan-
sion, non-relativistic or relativistic, the variational method and the effective interaction approach.
In the BBG method the ground state energy is expanded in a series of diagrams, where the original interaction is
replaced by the so-called G-matrix, obtained by the explicit summation of the ladder diagrams. In this way the effect
of the strong short range repulsive core of the NN interaction is embodied in the G-matrix, which is expected to have
a much softer behavior at short distance or large momentum. In this way the possible convergence of the expansion
is facilitated. The diagrams in terms of the G-matrix are then ordered according to the number of hole-line that they
contain (”hole expansion”), which should be in agreement with the size of their contribution. The diagrams containing
n hole-lines should take into account the correlations of order n, i.e. the contribution of the interaction processes that
involve n particles in an irreducible way. Furthermore a scheme is adopted to introduce a single particle potential
which should include part of the correlations and is calculated following the Brueckner self-consistent procedure.
A pedagogical introduction of the BBG approach can be found in ref. [254]. A variant of the approach is the
Coupled Cluster approach, where the ordering of the diagrams is slightly different [255]. The relativistic extension
of the method is the so-called Dirac-Brueckner-Hartree-Fock (DBHF) approach [256]. A fully relativistic many-body
theory for nuclear matter is quite challenging, and in DBHF usually the relativistic four dimensional covariance is
approximated by a proper three dimensional reduction, but still keeping the spinor structure of the nucleon field. The
variational approach is developed in coordinate space. The correlated wave function is obtained by multiplying the
uncorrelated (free particles) wave function by a set of correlation functions, which introduce two-body correlations,
and eventually correlations of higher order (three-body and so on). The correlation functions are obtained minimizing
the energy, and solving the corresponding Euler-Lagrange equations. To simplify the procedure one can parametrize
the correlation functions and extract the parameters by minimization. For nuclear matter the complex structure of the
NN interaction makes the procedure more involved, because the correlation functions are then actually operators with
the same structure as the NN interaction [138]. A related approach is based on the effective interaction scheme, where
the correlation functions are used to substitute the original bare interaction by an effective interaction. The advantage
of such an approach is the possibility of using the same effective interaction for the calculations of other physical
quantities, in particular of astrophysical interest, and to get an unified description of e.g. NS physical properties
[257, 258]. The effective interaction so constructed has some resemblance with the G-matrix of the BBG expansion.
Another approach that has been developed is mainly connected with the chiral interactions. This is the Renormal-
ization Group method (RG). In this case an effective interaction in the medium is constructed by the RG procedure,
where the momentum cut-off is lowered until the interaction is weak enough to be treated perturbatively [259].
A brief survey of all these microscopic many-body methods can be found in ref. [144].
5.2. Selecting the EOS.
A microscopic many-body approach is expected to be able to calculate within the same framework the whole
EOS both for symmetric and asymmetric nuclear matter, in particular pure neutron matter. The symmetry energy
and its density dependence can be therefore obtained directly from the calculations. The EOS should be compatible
with all the constraints coming from phenomenology. Some of these constraints are well established and, within the
uncertainty, model independent. The first basic requirement is the compatibility with the phenomenological saturation
point. We will consider the density and energy (ρ0, e0) of the nuclear matter saturation point constrained according to
0.14 fm−3 ≤ ρ0 ≤ 0.18 fm−3 ; −17. MeV ≤ e0 ≤ −15. MeV (85)
Most of the mass formula, based on phenomenological (LDM, DM) or more microscopic (ETF, EDF) approaches,
correspond to saturation points well inside these boundaries. Another quantity that can be considered relatively
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constrained, within the uncertainty, is the incompressibility K0, mainly from the monopole excitation, where the
relevance of the effective mass is minimal. We will assume
200 MeV ≤ K0 ≤ 260 MeV (86)
All these boundaries are in line with the ones adopted in ref. [35]. Although these constraints look not so stringent,
they turn out to be quite selective, and in fact they rule out several microscopic many-body approaches. In particular
we extended the incompressibility constraint down to 200 MeV to avoid a too restricted set of EOS, although the
preferred value of K0 is usually larger [260]. Notice however that the value of K0 extracted from the Isoscalar Giant
Moopole Resonance is quite model dependent and it can be affected by other features of the effective force, like the
symmetry energy [261, 262], and the connection between the incompressibility in nuclei and nuclear matter is not so
straightforward [260]. We finally arrive to select a few EOS from different methods. We list them here, together with
some of their features.
1. EOS derived from Brueckner-Hartree-Fock (BHF) calculations reported in refs. [108, 19]. Two-body interaction
Av18 [263], three-body forces (TBF) of the Urbana model [264, 265, 266].
2. EOS from BHF, reported in [267, 268]. Two-body interaction Bonn B [269], TBF derived from two-body.
3. EOS from variational method, reported in ref. [138]. Two-body interaction Av18, Urbana model TBF.
4. EOS from the effective interaction approach [257, 258].
5. EOS from Dirac-Brueckner, reported in ref. [270], two-body interaction Bonn A [256].
6. EOS from renormalized chiral forces, reported in ref. [271].
7. EOS from BBG up to three hole-line contributions, reported in refs. [272, 109], two-body interaction from meson-
quark model.
We summarize in Table 1 the properies at saturation for each one of these EOS.
EoS ρ0(fm−3) e0 (MeV) K0 (MeV) S 0 (MeV) L (MeV)
BHF, Av18 + Urbana TBF 0.16 -15.98 212.4 31.9 52.9
BHF, Bonn B + TBF from NN 0.17 -16. 254. 30.3 59.2
Variational, Av18 + Urbana TBF 0.16 -16. 247.3 33.9 53.8
Effective interaction 0.16 -16.0 234.0 37.25 65.8
DBHF, Bonn A 0.18 -16.15 230. 34.4 69.4
Chiral model – – – 30.08±0.8 –
Quark model 0.157 -16.3 219. 31.8 52.0
Table 1. Calculated properties of symmetric nuclear matter of different EOS.
The EOS of refs. [267, 268] (second line) is calculated in the BHF scheme but with a three-body force derived
consistently from the two-body one by considering a set of processes involving three nucleons and meson exchange
with the same coupling constants. This is a quite challenging procedure, since in principle no additional parameter is
introduced for the construction of the TBF. The data for the effective interaction approach were extracted from Fig. 2
of ref. [257], where the reported EOS has the correct saturation point. They were obtained by fitting the EOS around
saturation. The EOS in the DBHF scheme was obtained without the contribution of TBF. The relativistic formulation
of the Dirac-Brueckner method gives a saturation point within the phenomenological boundaries with only two-body
NN interaction (the Bonn A in our case). It has been argued [273] that the reason for this saturation effect is that the
relativistic formulation implicitly introduces a particular TBF if re-formulated in the non-relativistic framework. The
main origin of the TBF is the use of the Dirac spinors, that in the medium are ”rotated” with respect to the free ones,
which introduces an antiparticle component.
The lack of necessity for a TBF holds true also for the quark-meson model for the NN interaction. In this case
the reason is different, it stems on the non-local short range interaction that originates from the quark structure of the
nucleons. In this case the Bethe-Brueckner-Goldstone expansion has been extended beyond the Brueckner approxi-
mation, i.e. up to the three hole-line level of approximation.
The symmetry energy form the chiral model was obtained by expanding the EOS from the pure neutron matter
one in the proton fraction, and the full density dependence of the symmetry energy was obtained. Since we are indeed
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interested on the symmetry energy, we choose this result, even if the symmetric matter EOS was not calculated in that
paper (this is the reason of the lack of data for the other physical parameters in Table 1).
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Figure 30. (Color on line) The symmetry energy up to saturation for the selected EOS of Table 1. The label BHF v18 + TBF indicates the
Brueckner-Hartree-Fock calculation reported in ref. [108, 19], with the Argonne v18 two-body interaction and the Urbana IX three-body force.
BHF BB labels the Brueckner-Hartree-Fock calculation of ref. [267, 268] with the Bonn B two-body interaction and consistent (’microscopic’)
three-body force. ’Variational’ labels the variational calculation of ref. [138], with the Argonne v18 two-body interaction and the Urbana IX three-
body force. DBHF labels the Dirac-Brueckner calculation of ref. [270] with the Bonn A two-body interaction. ’chiral’ indicates the calculation of
ref. [271], based on the renormalized chiral forces. QM indicated the calculation of ref. [272], based on the quark model for the two-body force.
’eff. int.’ labels the calculation of ref. [257, 258], based on the effective forces derived from the correlation function. The (black) vertical bar
indicates the constraint of ref. [47].
5.3. Symmetry energy up to saturation density.
We report in Fig.30 the symmetry energy as a function of density for the selected EOS up to the saturation density.
At very low density the plots extend down to where the data are available. For the chiral results in ref. [271] also
an estimate of the theoretical uncertainty is given. For simplicity of the presentation we have taken the average
values inside the error range. As it is obvious, these values of the symmetry energy cannot be tuned in any way, and
therefore the relative agreement among the different EOS below saturation cannot be considered trivial or expected,
since they have been calculated within quite different theoretical schemes and different forces. It seems then that the
restrictions we have used in selecting the EOS are physically meaningful, and that the different physical parameters
that characterize the EOS are strongly inter-related in a generic microscopic approach. For comparison we report
(vertical bar) the range of values constrained by the analysis on the GDR of ref. [47]. Around saturation there is some
spread of values for the symmetry energy and its slope, as it can be seen also in Table 1.
In Fig. 31 we compare the different symmetry energies with the phenomenological boundaries discussed in Sec-
tion 2.2.2. The smaller restricted area, as we have discussed in Sec. 2.2.2, is coming from the analysis on the neutron
skin width within the energy functional method. The selected symmetry energies are not all inside this area, but the
five EOS which agree substantially among each other stay quite close to it in the low density region, with the possible
exception of DBHF at very low density, where it could have problem. In view of the uncertainty in the phenomeno-
logical boundaries, this looks a noticeable result. Notice that the agreement is still valid at saturation. The agreement
strengthen the relevance of the phenomenological constraints, obtained in the EDF method, and gives a sound basis
to the extracted values of the symmetry energy below saturation with an estimate of an uncertainty throughout the
sub-saturation density range, where five of the seven considered EOS are still pretty close. The symmetry energy for
the BHF with Bonn B potential of ref. [267, 268] is definitely below these five EOS, while the one from the effective
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Figure 31. (Color on line) The symmetry energy up to saturation for the selected EOS of Table 1 in comparison with the constraints from ref. [46].
Labels as in Fig. 30
.
interaction approach of ref. [257] is substantially above. If one consider only the five EOS and one assumes a power
law for the symmetry energy
S (ρ) ≈ S (ρ0)
(
ρ
ρ0
)γ
(87)
one finds that the overall trend both of the different theoretical predictions and of the constraint (small box) is com-
patible with
S (ρ0) ≈ 32 ± 1 MeV ; γ ≈ 0.65 − 0.70 (88)
in agreement with the estimate of ref. [46], where it is noticed that the value for γ is close to the one for a free Fermi
gas. This is a little surprising, since this exponent is expected to be reached only at very low density. This value is
also compatible with the one extracted from heavy-ion collisions, see Sec. 4.3.1. It has to be stressed that this simple
behaviour is referring only to the overall trend of the symmetry energy and should not be used to extract more detailed
properties, like the slope parameter L, which depends on the precise functional dependence of S (ρ). Indeed the values
reported in Table 1 have been obtained by an accurate fit of S (ρ) around saturation. To this respect Table 1 shows that
the values of L for the different EOS stay close, with some deviation for the DBHF one. A more detailed comparison
with phenomenology will be reported in Section 6.
5.4. Symmetry energy above saturation density.
As we have discussed in Sections 3,4 the symmetry energy above saturation is of paramount relevance for the
physics of astrophysical compact objects and heavy ion collisions. It is therefore meaningful to extend the comparison
of the predictions of different theoretical schemes above saturation density.
In Fig. 32 are reported the symmetry energies calculated with those theoretical schemes of Section 5.3 which
provide symmetry energy values that agree throughout the density range up to saturation. The theoretical prediction
from the chiral approach is missing, since the scheme cannot be extended to higher density. The figure shows that
even the nice agreement obtained up to saturation density for these EOS rapidly deteriorates as the density increases.
This is somehow a disappointing result since the theoretical predictions are very much demanded in astrophysics and
heavy ion physics. Indeed the constraints from phenomenology in these fields are quite indirect and not so stringent,
see Fig. 29 and corresponding references. On the other hand any phenomenological firmly established constraint
would be of great value in restricting the selection of the acceptable EOS and the underlying theoretical approaches.
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Figure 32. (Color on line) The symmetry energy above saturation for the EOS of Table 1 which are compatible with the boundary of ref. [46], see
Fig. 31. The labels have the same meaning as in Fig. 30.
This looks as a great opportunity for the advancement in our knowledge of that fundamental physical quantity which
is the nuclear EOS.
6. Constraints on the symmetry energy at saturation.
The constraints on the symmetry energy are abundant at the saturation density. As in recent papers [2, 3] we
collect a set of constraints on the values of S and L to see if they are compatible, and if an overlap region exists where
the constraints are all fulfilled. We will report in the (L, S ) plot of Fig. 33 the following constraints.
i) The boundaries for S and L obtained from the DM fit of nuclear binding in ref. [12], discussed in Sec. 2.1.2.
The size of these boundaries were derived by varying the conditions of the fitting, e.g. different sets of data and
different refinements of the model. Since the uncertainties were obtained within the model, they can be biased by the
peculiarities of the approach and probably they are underestimated. Nevertheless we report as they are in the plot,
keeping in mind that the constraints are expected to be too tight.
ii) As discussed in Sec. 2.2.2, the isobaric analog state phenomenology and the skin width data can put tight constraints
on the density dependence of the symmetry energy up to saturation. These constraints can be translated to ranges of
possible values for S and L. The reported boundaries in ref. [46] are
30.2 < S < 33.7 MeV , 35 < L < 70 MeV (89)
which is represented by a slashed box in the figure.
iii) The astrophysical constraint from NS data analysis, as discussed in Sec. 3.2. This is indicated by the dotted box.
iv) The isospin diffusion constraints is represented by the (green) band going upwards, taken from ref. [178].
v) We finally add the constraints from the skin width data, combined with isospin diffusion and neutron to proton
double ratio in heavy ion collision, as elaborated in ref. [274], see also Sec. 4. This is represented by the (blue)
band going downwards. We report also the (yellow) band elaborated in ref. [3] on the basis of data on nuclear dipole
polarizability, see also Sec. 2.2.1, indicated by the label.
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Figure 33. (Color online) Boundaries of the constraints on the values of the symmetry energy S and slope parameter L at saturation as derived by
different methods. The (pink) rectangle labeled FRDM corresponds to the boundary obtained from the Finite Range Droplet Model in ref. [12]
The (orange) rectangle labeled IAS is from the analysis on the Isobaric Analog States of ref. [46]. The long (blue) rectangle labeled ’Astrophysics’
is the boundary from the NS data analysis discussed in Sec. 3.2. The (green) band going upwards at increasing value of L corresponds to the
boundary obtained from isospin diffusion in ref. [178]. The (blue) band going downwards at increasing L, labeled ’Sn neutron skin’, was obtained
from different data analysis on heavy ion collision and on the neutron skin thickness, as elaborated in ref. [274] and discussed in Sec. 4. This
band partially overlaps with the (yellow) band, going downwards, corresponding to the boundary from dipole polarizability (label ’PB dipole
polarizability’) as discussed in ref. [3] and Sec. 2.2.1. The central (white) small open region is the area where all the boundaries overlap. The
symbols in the figure correspond to five of the EOS reported in Table 1. Open circle : BHF, Av18 + Urbana TBF. Star : BHF, Bonn B + TBF
from NN. Open square : Variational, Av18 + Urbana TBF. Open diamond : DBHF, Bonn A. Open triangle : Quark model.
If we take literally all the constraints, only a small region of the plane is compatible with all of them. It is indicated
by the white area at the crossing of all the boundaries, i.e. inside all of them. This is indeed a narrow area, restricted
mainly by the constraint from the droplet model (FRDM). Let us stress again that the size of this boundary is expected
to be underestimated, and therefore the white area can be appreciably larger.
The theoretical predictions of Table 1 are reported in the same plot by different symbols. The result from the
effective interaction method lies outside the considered range for S . All the others are close to the allowed region, two
of them lie even on its boundary. However the values from the Dirac-Brueckner approach appears to be a little far.
To be fair one has to notice that all the constraints and calculations were obtained within a non-relativistic approach.
This could in principle bias the relativistic scheme, but further investigation is needed. In any case the closeness of
the results of the majority of the microscopic approaches to the allowed region should be appreciated since it is not an
obvious or trivial result.
7. Overall Survey and Prospects.
In this review paper we presented an overall survey of the crucial relevance of the nuclear symmetry energy in
the numerous contexts where it is involved. On the other hand we tried to summarize what is the present status of
our knowledge about the symmetry energy and its density dependence. The symmetry energy is one of the main
properties of the nuclear Equation of State and the constraints on its density dependence can be established from the
phenomenological analysis of very different systems and phenomena, which are affected by the symmetry energy.
The original field where symmetry energy started to be studied was the nuclear binding throughout the mass
table. Here the fitting of the nuclear masses by semi-classical models, like the Liquid Drop Model or Droplet model,
provides constraints on the symmetry energy in nuclei, including its possible parametrization as a function of the
mass number A and proton number Z. This symmetry energy has to be distinguished from the one defined in nuclear
matter, since it is strongly affected by finite size effects, i.e. the presence of the surface. It has been found that its
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mass dependence can be parametrized by a form as in Eq. (6), obtained by introducing the coupling between the bulk
and surface parts [6], and within the LDM and DM, as well as by comparing with the nuclear mass data. In the DM
it is also possible to fit the slope parameters L. The extrapolation to nuclear matter can be then obtained by taking the
limit A → ∞. These approaches converge overall to values that overlap approximately in the range S = 32±2 MeV,
and L = 70 ± 20 MeV.
A more microscopic procedure is based on the density functional method, again from the nuclear binding fit. In
this case, once fixed the parameters of the functional the whole density dependence of the symmetry energy can be
deduced, at least up to saturation density. This is evident in the Thomas-Fermi approximation for the functional. It has
been shown that in this approximation one can device an effective interaction which reproduces fairly well a wide set of
nuclear binding, see Section 2.1.3. From the fit one gets the nuclear matter EOS and therefore the density dependent
symmetry energy up to saturation. The results are in agreement with the latest LDM and DM calculations, and,
surprising enough, with microscopic calculations, see Fig. 1. Despite the reduced set of nuclear binding considered
in this analysis, with respect to the most recent nuclear mass compilations, this result is remarkable.
However if one goes beyond the TF approximation, extending the analysis to general functionals, in particular
Skyrme functionals, the fitting procedure of the nuclear bindings turns out to be not enough to constrain in a mean-
ingful way the symmetry energy. Even restricting the set of functionals to the ones that satisfy the phenomenolgical
constraints on the saturation point and the incompressibility, the symmetry energy S and its slope parameter L are
widely unconstrained, see Fig 2. This means that the symmetry energy is mainly uncorrelated to other physical pa-
rameters, and other constraints on the functional are needed. Improvements along this direction, i.e. the fitting of
nuclear mass, can be expected to come from new data on exotic nuclei, where the asymmetry is pushed to an extreme.
However it is doubtful that more extended mass fitting could reduce drastically the uncertainty on the symmetry
energy coming from this approach.
A natural choice for additional constraints extracted from nuclear structure data concerns the set of isovector
collective excitations in nuclei, since they involve the motion of protons against neutrons, see Sec. 2.2.1. The IVGDR
excitation energy looks indeed correlated with the symmetry energy, see Fig. 3, as obtained within the EDF method.
What appears explicitly in this case is the symmetry energy pertinent to a finite nucleus, which can be translated
to constraints on the symmetry energy in nuclear matter at a fixed value ρ of the (sub-saturation) density in nuclear
matter (mainly 0.1 fm−3). Similar correlations have been found for the low density part of the dipole strength, the
so-called Pygmy resonance, but these correlations look less stringent. Another dipole physical parameter is the dipole
polarizability αD. It is just the value of the static response function of the nucleus to an external dipole field. It can be
obtained from the photoabsorption cross section, see Eq. (36). Again within the EDF method the value of αD entails
a correlation between the symmetry energy S at saturation and the slope parameter L, see Fig. 4. For the IVGQR the
analysis is a little simplified, since, in a macroscopic picture, the comparison of the excitation energies of the IVGQR
and of the ISGQR can be related directly to the symmetry energy at the reference density ρ, see Eq.(38). However
a check of this relation within the EDF method reveals that it could be affected by other characteristics of the force,
besides the symmetry energy.
Among the additional constraints coming from nuclear structure, special mention has to be given to the ones
related to the Isobaric Analog States and to the neutron skin width in strongly asymmetric nuclei. Both possibilities
were analyzed in ref. [46]. The method followed for the IAS is discussed in Section 2.2.2. It is based on the
nice observation that charge invariance of the nuclear forces implies not only the symmetry for the interchange of
protons and neutrons, i.e. dependence of the binding only on the modulus of the third component |Tz| of the total
isospin (neglecting Coulomb interaction), but also invariance under rotations in isospin space. This implies a linear
relationship between the IAS energy, with respect to the ground state, and a simple combination of isospin quantum
numbers, see Eq. (42). The coefficient of the linear relationship is the nuclear symmetry energy S N(A) at a given
mass number A. If one separates different intervals of A-values, this relationship is expected to be still valid, provided
the coefficient is interpreted as its average value within each interval. This is due to the smooth dependence of the
symmetry energy. Despite the relation is approximate, it is confirmed by phenomenology, see Fig.(5), at least for
medium-heavy nuclei. One can then even check the mass dependence of S N , and it is found that the form of Eq.
(6) is confirmed, see Fig.6. Going to the EDF analysis, one can select the functionals that are compatible with these
relationships and extract the constraints on the density dependence of the symmetry energy that come out from this
restriction. The result is summarized in Fig. 7, where it is depicted the region of the (S , ρ) plane where the symmetry
energy should pass through. Despite all the uncertainties inherent to the method, discussed in Section 2.2.2, this is
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a constraint tight enough to exclude a quite large fraction of EDF. An even more tight constraint can be obtained by
including also the phenomenology on the neutron skin thickness in strongly asymmetric nuclei, see Sec. 2.2.3. The
skin thickness, as calculated from a set of functionals, turns out to be correlated with different physical parameters, in
particular the slope parameter L, see Fig. 9. Of particular interest is the correlation with the dipole polarizability αD,
but in this case the correlation is rather between the skin width and the product αDS , see Fig. 10. Analogously the
skin width is not correlated with the symmetry energy S , but rather with the difference between S and the symmetry
energy at a given nuclear mass A, see Fig. 11. All these correlations can be explained within the DM, and they can be
used to extract several physical parameters once the skin width would be measured.
Another strategy can be followed, combining the constraints coming from the IAS analysis and the condition
that the functional has to reproduce the available data on the skin thickness. The data are coming from different
experimental methods with hadron probes. In this case the set of EDF is strongly restricted. Allowing for some
deviations from the data, the region of the (S , ρ) plane is anyhow drastically reduced, see Fig. 12.
From these considerations it is evident the relevance of an accurate experimental determination of the skin width.
This is the aim of the PREX experiment, as discussed in Sect. 2.2.3, on the asymmetry in spin polarized electron
scattering. The asymmetry is directly connected with the parity violation of the weak interaction, and it is sensitive
mainly only to the neutron density distribution. The phase PREX-I was already completed, but the uncertainty was
too large to have an accurate enough determination of the skin width, see Fig. 13. The phase PREX-II is expected
to have a substantially better accuracy, see discussion connected with Fig. 14. This would mark a substantial overall
advancement for our picture of the symmetry energy behavior and its impact on nuclear structure.
In Sec. 3 we discussed the relevance of the nuclear symmetry energy for compact astrophysical objects. We
first considered Neutron Stars, and the structure of NS crust was considered in Sec. 3.1, where the beta equilibrium
condition between nuclei, eventually exotic, and the electron gas makes evident the role of the symmetry energy, see
Eq. 52. At increasing density the neutrons start to drip from nuclei, and one enters the so-called inner crust. The
end of this crust region as density is further increased corresponds to the transition to homogeneous catalyzed matter.
The density ρt at which the transition occurs turns out to be linearly correlated with the slope parameter L, once it
is determined within a wide set of functionals. Since L is correlated with the skin width, this entails a correlation
between of ρt with the skin width, see Fig. 16. However between the lattice structure of the inner crust and the
homogeneous phase it could be expected the appearance of a disordered phase or of extended structures, the so-called
”pasta phase”. The presence or not of the pasta phase by itself can be used as a constraint on the symmetry energy,
since its structure is determined by ”frustration”, i.e. the competition between the long range repulsive Coulomb
force and the short range attractive nuclear forces. To calculate the presence and extension of the pasta phase is a
quite challenging problem, that can have a definite answer only through a quantal treatment. Such a prospect is the
main motivation of the ”MADNESS project”. When successfully realized it will give a substantial contribution to the
development of the whole physics of NS. A variety of phenomena are affected by the crust structure and can be then
related to the symmetry energy. The crust oscillations, if decoupled from the core, have frequency that depends on the
composition of the crust, and thus on the symmetry energy. Transient phenomena, like accretion in LMXRB, are often
affected by the transport properties in the crust. Improving and extending the observations of all these phenomena can
have a large impact on their interpretation and on the whole crust physics.
Similarly the NS core structure, discussed in Sec. 3.2, is directly affected by the symmetry energy, mainly above
saturation density. This is apparent from the NS matter EOS, as exemplified by e.g. Eqs. (58,59). Cooling of isolated
NS is surely a process strongly affected by the symmetry energy at supra-saturation density. The direct URCA process
(DURCA) is the most rapid cooling mechanism, which is the beta decay of free neutrons and its inverse, see Eq. (61).
The DURCA is active only at proton fraction above the threshold of about 12% (or 14% if muons are taken into
account). This threshold is reached at a density that depends on the EOS and its symmetry energy. This means that
larger mass NS, that have a higher central density, will cool faster than lower masses NS. It could be that this threshold
is never reached in any NS. Unfortunately progress along this line are hindered by at least three factors. The first one is
the large uncertainty on the estimated age of a NS and the difficulty to estimate the mass of an isolated NS. The second
one is the extreme complexity of the cooling simulation code. The third one is the expected presence of superfluidity
in NS matter, which makes ambiguous or not unique the interpretation of the data. Only a substantial improvement of
the theoretical framework will allow a real progress in this field. An exception can be the singular case of the NS in
Cassiopeia A [275, 276, 104], which however is still controversial [277].
The supernovae phenomena is a very rare event if we restrict the region of possible observations in the nearby
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of our Galaxy, but its appearance would be a unique opportunity to study and understand a variety of fundamental
processes that occur in their inside. The progress in the simulations of this extremely complex phenomenon in the last
few years is impressive. The complexity of the supernovae explosion and of their simulations could be a difficulty
in the interpretation of the data in a hypothetical observation. An exception is the neutrino signal, not only because
neutrinos can escape from the supernova interior and pass through the external expanding mantle, but also because
they could be sensitive to the EOS and the physical conditions of the matter during the first phase after bounce. As
discussed in Sec. 3.3, the neutrino luminosity as a function of time during this period could bring an imprint of the
symmetry energy of the nuclear matter involved in the process. This is due to the appearance of convection in the
proto-neutron star, which depends on the symmetry energy, see Eqs. (65,68). It is important to notice that the matter
in this case is at a temperature of few tens of MeV, and one should rather speak of symmetry free energy, which can be
radically different from the (zero temperature) symmetry energy. The appearance of convection increases the neutrino
luminosity, and therefore modulates the observed flux. Since the time and intensity for the onset of convection depends
on the symmetry free energy, one could get a definite signal from the proto-neutron star, see Fig. 18, which would be
otherwise impossible with other probes. We are looking forward for the appearance of a nearby supernova.
A new exciting development in the astrophysics of compact objects is the first observation of gravitational waves
by the LIGO detector. The GW physics was discussed in Sec. 3.4. The first two detected events are surely coming
from black hole mergers, but it is expected that also GW from NS mergers will be observed in the future. In this case
a link with the Nuclear Matter EOS is possible, as already shown by few simulations based on numerical relativity.
Although the connection with the symmetry energy appears indirect, through the EOS properties, some sensitivity
to the high density behaviour of the symmetry energy seems to be present. Also large amplitude oscillations of NS
can be sources of GW, and the corresponding frequency spectrum is surely sensitive to the EOS. A new window in
observational astrophysics has been opened by the GW detection, and the forthcoming upgrading of the detectors,
already active, and the new ones, planned or under construction, will bring spectacular developments in astrophysics.
In Sec. 4 we reviewed the role of the symmetry energy in the physics of heavy ion collisions. In general the
data analysis are based on extensive simulations of the collisions, either semi-classical (BUU) or quantal (QMD).
The control and sensitivity of the simulations to different observables related to the symmetry energy is not yet
satisfactory. For instance, the neutron/proton mass splitting derived form the comparison with the data on differential
fluxes turns out to be sensitive to the adopted simulation scheme. Other physical quantities look more robust, and we
considered the isospin diffusion, the isoscaling, neutron and proton energy spectra, and others. There is surely room
for improvements in the theoretical data analysis based on simulations, as well as in the experimental apparata. Heavy
ion collisions should be an ideal tool for the study of the symmetry energy at supra-saturation density, since it is the
only experimental method to produce compressed nuclear matter. The projects aiming to explore the higher density
regime are still very few, and it would be of great relevance to develop the experimental efforts in this direction. In
fact it has to be stressed that the theoretical predictions in this region are quite uncertain, as discussed in Sec. 5.4.
In Sec. 5 we presented a review of the microscopic EOS that are compatible with phenomenology on the saturation
point of symmetric nuclear matter and incompressibility. To each one of this EOS it corresponds a well defined
symmetry energy as a function of density. We compared this prediction with the constraints obtained within the
EDF method from the nuclear structure data both on the IAS and neutron skin. These constraints are necessary
limited to sub-saturation density. Most of the so selected EOS stay close to the constraints, which gives an impression
of the degree of reliability of the microscopic theories. Of course the agreement does not necessarily validate the
microscopic theories, since the constraints were obtained from an analysis which could be biased by the particular
set of EDF considered and the agreement could be fortuitous. Only a more extensive EDF analysis and the further
improvement of the many-body theory will be able to give a definite answer.
Above saturation density the situation appears drastically different. The agreement between the different micro-
scopic theories is rapidly lost at increasing density. The few phenomenological constraints in this density range are
not able to discriminate among the different EOS. On one hand this can be disappointing, on the other hand this can be
an opportunity for a more severe confrontation of the theoretical models with phenomenology. New analysis devoted
to the over-saturation density region will possibly produce an extraordinary advancement in our knowledge on the
structure of the nuclear medium and on the physical origin of the nuclear symmetry energy.
In the last section we combined together the constraints on the symmetry energy and its slope at saturation as
obtained in the different fields, as described in the previous sections. In a two dimensional plot we reported in Fig. 33
the boundaries on S and L to extract the overlap region, if any, where all these constraints are fulfilled. The resulting
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plot of Fig. 33 shows that a small overlap region does exist. If we take literally all the constraints, the overlap region
is very narrow, especially in the S axis, mainly due to the constraint obtained from the mass fitting within the Droplet
Model. The size of the uncertainty in the DM has been obtained within the same fitting, and it can be expected to
be underestimated. One can say that the extracted value for S from this analysis should be around 32 MeV, with
an uncertainty of ±1. Much wider is the uncertainty on L, which can range from 40 to 80 MeV. In the same plot we
reported also the predictions of the microscopic theory discussed in Sec. 5. The EOS were selected on the basis of their
satisfactory predictions of the saturation point and of the incompressibility. This restrict strongly the set of acceptable
microscopic EOS. It turns out that the predictions of most of the few selected EOS stay close the the overlap. This
satisfactory agreement should be appreciated, it gives indeed further support both to the phenomenological analysis
performed in different fields along the years and the microscopic many-body theories that have been developed by
different groups. Again the agreement could be fortuitous, and its confirmation by other analysis on experimental and
observational data and theoretical improvements would be of great relevance for Nuclear Physics as a whole.
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